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Lemma 6.21 (Svarc-Milnor Lemma). Suppose G acts properly and co-compactly

on a proper length space (X,d). Then x/f,? s Compist
(1) G is finitely generated by a set S.
(2) Fiz a basepoint o € X. Then the map

(Ga dS) - (GO’ d)v g — go,
l i
is a G-equivariant quasi-isometric map. ( un\bl— ISo W\Q’\%)
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Corollary 6.23. Let G be a finitely generated group. Then any finite index sub-
group is finitely generated and quasi-isometric to G.
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Exercise 6.24. Let T
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be a group extension, where G is finitely genetﬁzted. Assume th,atl N s Em’tel Then >
G is quasi-isometric to T. 6 q Ca (\—'?) <) PM}HY G_’L: N

Ezamples 6.25. 1) If n # m. then R™ is not quasi-isometric to R™.
(2) All free groups of finite ran j-i ric.
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Let ¢, : N — N be two monotonically non-discreasing funcglons We/§ay that
¢ dominates o if there exists C' > 1 such that <

'cp/(n)SCQS(Cn) \)0(\,\) < C ({)q ntCl) t C

for n > 0. Denote ¢ < ¢.

Two functions ¢, ¢ are equivalent if they dominate each other. Note that ag +
an + ... + a;n' is equivalent to@All exponential functions like@or A>1 are
equivalent to the the standard one/e™) But €™ dominates any polynomial function.
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Definition 5.22. Let G be a finitely generated group. Let ¢(n) be the growth
function of G.

(1) (Polynomial growth) G has polynomial growth if there exists d € N such

that ¢(n) < n?. .
(2) (Exponential growth) G has exponential growth if e™ . et~ W)

(3) (Intermediate growth) G has intermediate growth if G does not belong to
the polynomial and exponential growth types.

Remark. Many classes of groups have either polynomial or exponential growth.
For example, there are no groups of intermediate growth in linear groups (Tits
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Remark. Many classes of groups have either polynomial or exponential growth.
For example, there are no groups of intermediate growth in linear groups (Tits
alternative), in solvable groups (Milnor, Wolf)... However, Grigorchuk constructed
the first group of intermediate growth in 1983, answering a long-standing open
question ofﬁil&'_about whether there exist glgu_mmw
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Theorem 5.16 (J. Wolf, 1968). A finitely generated nilpotent group has a polyno-
mial growth function. <3, 3): §€&. 4¢G>
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In 1981, Gromov proves the converse of Theorem 5.16. Given a property P, we

say a group G has virtually property P if G contains a finite index subgroup which
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Theorem 5.17 (Gromov, 1981). Let G be a“finitely generated group of polynomial
growth, then G is nilpotent: G contains a finite index subgroup which is

nilpotent. Ciorans — Hawdn Al dAston e AS\/@‘C long

Exercise 5.18. Find a non-abelian group but which is virtually abelian, and a
non-nilpotent group but which is virtually nilpotent.
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A path p is callecﬂ@for some t > 0 if Len(p) < d(p—,p+) -|—m

Tort- Any subpats, of & f-tout PQJ"('l st ol
Lemma 7.7. Let p be a t-taut path for t > 0, and q be a geodesic with same
endpoints as p. Then there exists D = D(t.d) such that

p C Np(q),q C Np(p).
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