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Definition 7.12. A path pin (X, d) is called a (], ¢)-quasi-geodesic for A > 1,¢ > 0
if the following holds

0/[‘{. 9% < Len(q) < Md(g-,q4) +c
for any (connected) subpat q\/sf?
- %Loﬁﬁmt&

Remark. The length parametrization of p gives a (A, ¢)-quasi-isometric embedding
of the interval [0, Len(p)] in X.
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Lemma 7.10 (Exponential divergence). Let p be a rectifiable path between a,b,
and [a,b] denote some geodesic between a,b. Then we have

la.b] € Np(p)
where D = 65(log2¢_Len(p) +1)+2.
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Morse. Lemmo\
Lemma 7.13 (Stability of quasi-geodesics). For any A > 1,c¢ > 0, there exists

D = D(6,\.c) > 0 with the following property. Let p,q be two (A, ¢)-quasi-geodesics
in a d-hyperbolic space (X,d). Then p C Np(q).
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7.5. Hyperbolicity is a quasi-isometric invariant. We give another definition
of a quasi-geodesic. A(pammeterz'zed)quasi-geodesic is a quasi-isometric embedding
map of a finite or infinite interval of R in (X, d).

The following lemma implies that a parameterized quasi-geodesic can be con-
verted to a continuous quasi-geodeisc without essensal lose.

Lemma 7.18. Let ¢ : I — X be a (A, ¢)-quasi-isometric embedding map, where [
is a finite or infinite interval in R. Then there exist-a (N, c')-quasi-geodesic pyand
a constant D > 0 such that the following holds
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Theorem 7.19. Let X,Y be two proper(length sgaces) Assume that ¢ : X =Y 1is
a quasi-isometry. If X is hyperbolic, then Y is also hyperbolic.
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Definition 9.1. A finitely generated group G is called hyperbolic if there exists a

finite generating set S such that the Cayley graph 4 (G, S) is é-hyperbolic for some
d > 0.

Remark. Since hyperbolicity is a quasi-isometric invariant (see Theorem 7.19), we
see that the definition of a hyperbolic group does not depend on the choice of a
generating set.
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Definition 9.2. Let L, A\,c > 0. A path p in X is called a L-local (), c)-quasi-
geodesic if every subpath of p with length L is a (), ¢)-quasi-geodesic.
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Lemma 9.3 (Local=>Global). For any \,c > 0, there exist Lo > 0 and X',/ >0
with the following property.

Fiz any L > Let v be a L-local (X, c¢)-quasi-geodesic. Then ~ is a (N, c')-
quasi-geodesic. - —~
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Definition 3.1. Let GG be a group, and X C G be a subset. The normal closure of
X, denoted by ((X)), is the minimalmormal subgroup containing X. Equivalently,

(X)) = ({gzg~ e X5 €GY)
= {(9127'91 ") (92257 g7") : n €N, z; € X, 9: € G, s € {1,-1}}.
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10.1. Hyperbolic groups are finitely presentablﬁy,> H:(S) > &

Theorem 10.1. Let G be a hyperbolic group with a finite generating set S. Then
there exists a finite set R of words in W(S) such that G = (S|R). = )ﬁs}é 2>
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Definition 10.2 (Dehn presentation). Let G = (S|R) be a group presentation.
Assume that R contains all cyclic per ions o .

The (S|R) is called a Dehn presentation if any w € ((R)), there exists a subword
u of w and a relator® € R such that r = uv~! and Len(u) > Len(v).
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Theorem 10.3 (Dehn presentation for hyperbolic groups). A hyperbolic group has
a Dehn presentation. Thus, word problem is solvable in hyperbolic groups.
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Corollary 9.4. There exists Lo, \,c > 0 such that for any L > any L-local

eodesic path is a (A, ¢)-quasi-geodesic.
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following result.

and g = f'hf'~ 1.

Proof' Lab ) = Lak ([Q - 54.

¢

> ﬂ\ SI/% \ﬁ

e

Obs: 30=DURH, 19\, 8] st.
dxi42) < D, ¥4

dov, #p) < 9l §
Jii =) = &g y)

DX BRIFE B9% 11 T

=
10.3. Solving conjugacy problem. Solving conjugacy problem depends on the

Lemma 10.4 (Bounding conjugators). Assume that g = fhf=1 for some g, h/f)c
G. Then there exist a constant D = D(|g|,|h|) and [’ € G such that d(1, f') < D



