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4 WENYUAN YANG

The basic references to this course are the following

(1) Bowditch, A course on geometric group theory, Mathematical Society
of Japan, Tokyo, 2006.
http://www.warwick.ac.uk/“masgak /papers/bhb-ggtcourse.pdf

(2) CF Miller III,@MI group theory:
http://www.ms.unimelb.edu.au/” cim/notes/cgt-notes.pdf.

A comprehensive treatment to hyperbolic groups among many other things:

e M. Bridson and A. Haefliger, Metric spaces of non-positive curva-

ture, vol. 319, Grundlehren der Mathematischen Wissenschaften, Springer-
Verlag, Berlin, 1999.

A undergraduate textbook discussing many interesting examples:

e J.Meier, Groups, graphs and trees: An introduction to the geom-
etry of infinite groups, Cambridge University Press, Cambridge, 2008.

Here are more references you might be interested in.
The original monograph of M. Gromov introducing hyperbolic groups:

e M. Gromov, Hyperbolic groups, in “Essays in Group Theory” (G. M.
Gersten, ed.), MSRI Publ. 8(T987>pp. 75-263

Three early collaborative works to understand the above Gromov 1987 mono-
graph:

(1) H. Short (editor), Notes on hyperbolic groups, Group theory from a
geometrical viewpoint, World Scientific Publishing Co., Inc., 1991.
https://www.i2m.univ-amu.fr/~short /Papers/MSRInotes2004.pdf

(2) E. Ghys and P. de la Harpe (editors), Sur les groupes hyperboliques
d’aprs Mikhael Gromov. Progress in Mathematics, 83. Birkhuser
Boston, Inc., Boston, MA, 1990. xii+285 pp. ISBN 0-8176-3508-4

(3) M. Coornaert, T. Delzant and A. Papadopoulos, Géométrie et théorie
des groupes: les groupes hyperboliques de Gromov, Lecture Notes
in Mathematics, vol. 1441, Springer-Verlag, Berlin, 1990, x+165 pp.
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Max. : (1878-1952)

1911: Dehn Problem:
= word problem,
= conjugacy problem,
= isomorphism problem

1912: Dehn's algorithm ¢z 47 j1ft)

Max Dehn

Ly -

Mikhael Gromov (1943_ ) Mikhael Leonidovich Gromov

1981: Gromov's theorem

on groups of polynomial
RS i’ A dbeia

growth:
&{\\ JY_B__’—_> mly generated group has

polynomial growth if and only if it

dobn R Stallings has a nilpotent subgroup that is of

John R. Stallings (1935-2008) finite index.
1968: ings' . — .
968: Stallings' theorem about ends 1987 (Hyperbolic groups) M Gronicarsionen

of groups:

a finitely generated group G has more
than one end if and only if the

group G admits a nontrivial
decomposition as an amalgamated free
product or an HNN extension over a
finite subgroup.

2006 photo of Stallings
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https://en.wikipedia.org/wiki/Dehn%27s_algorithm
https://en.wikipedia.org/wiki/Stallings_theorem_about_ends_of_groups
https://en.wikipedia.org/wiki/Stallings_theorem_about_ends_of_groups
https://en.wikipedia.org/wiki/Free_product_with_amalgamation
https://en.wikipedia.org/wiki/Free_product_with_amalgamation
https://en.wikipedia.org/wiki/HNN_extension
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Definition 5.1. A graph G consists of a set V' of vertices and a set E of directed

edges. For each directed edge e € E, we associate to e the initial point e_ € V and
terminal point ey € V. There is an orientation-reversing map

mehne h.
":EQ‘E,e—)é ‘j“?

such that e # €, e=¢€ and e_ = (€),,e4, = (€)_
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Definition 5.2. Let G be a group and S be a_symmetric generating set without &£ S=5
identity. The'Cayley g

raph ¢(G.S) of G with respect to S is a graph with the
~ e -
vertex set G and edge se Deﬁne (9,8)- = g,(g,8)+ = gs, and the map 9¢.S

—_—

“:Gx8—>Gx8,(g,8) — (gs,57). o=

It is clear to see that ~ satisfies the conditions in definition of a graph. <

Z<G S={1, -1Y %o S= Uz 3§
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Definition 5.5. The word norm |g|s of an element g € G is the shortest length of

a word w such that w =g ¢g. Formally,

lgls = inf{[w| : p(w) = g,¢ : F(S) = G}.
TL\:, S Sv\

We define the word metric dg on G:tds(g,h) |g~h|s\for any g,h € G.
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Lemma 5.7. Let S, T be two finite generating sets of G. Then thee exists a constant

C > 1 such that
C_ldT(., ) <ds(.,.) < Cdr(.,.).
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6.1. Length metric spaces. Let (X,d) be a metric space. Let p: [a,b] - X be
a parameterized continuous path, where a,b > 0. It is called rectifiable if

(7) sup » _ d(p(ti), p(ti+1)) < o0
0<i<n

over all finite partitions {ty = a,...,t, = b} of [a,b]. The length Len(p) of p is
defined to be the supremum of the above sum (7) over all possible partitions of
[a, b)].

Definition 6.1. Let (X, d) be a metric space. We define an induced metric d called

length metric as follows. Let x,y € X be two points. Then d(z,y) is the infimum
of lengths of zﬁl_}piiblerexzti_ﬁl_)l’e_ggmg._ between z, y.
If d = d, then (X,d) is called a length metric space.

Definition 6.2. A metric space (X, d) is called proper if any closed ball B(z,r) at
x € X with radius » > 0 is compact.
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Theorem 6.3 (Hopf-Rinow). Let (X,d) be a length metric space. Then (X,d) is
proper if and only if it is a locally compact and complete space.  Tupahculay =~ (X )¢ SQOM"C Pk
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Definition 6.4. A path p is called a geodesic Yif Len(p) = d(p—,p4+). Equivalently,
a path is a geodesic if its length parametrization p : [0, Len(p)] — X is an M
map.

A metric space is called a geodesic metric space if there exists a geodesic between
any two points.

-
P = F
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Lemma 6.5. Letg, d) be a compact metric space, and p,, : [0,1] — X a sequence

of linearly parameterized paths with uniformly bounded length. Then

(1) There exists a subsequence p,,, of p, which uniformly converges to a path

Poo 1 [0,1] = X.
(2) For any e >0, there exists N = N(e) > 0 such that
Len(pe) < Tepa] €

VA€o 3 n @
7»\@

for allm; > N.
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Theorem 6.6. A proper ¥erngth metric ]kpace s a geodesic metric space.
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Lemma 6.21 (SvarchIilnor Lemma). Suppose G acts properly and co-compactly
on a proper length space (X,d). Then

(1) G is finitely generated by a set S. G VX —d)—7 G Y
(2) Fiz a basepoint o € X. Then the map
(G,ds) = (&o,d), g go, b(gxy = .46

is a G-equivariant quasi-isometric map.

Definition 6.17. The action of G on X is called a proper action if the following
set

{9:9KNK #0}
is finite for any compact set K in X. We also say that G acts properly on X.

e -
oo ¢ Gx={9: g isHare Y - Gx ls disaecte o X

Definition 6.9. Let ¢ : (X,dx) — (Y,dy) be a map between two metric spaces.

Given constants A > 1,¢ > 0, ¢ is called a @quusi-isometm’c embedding map if
the following inequality holds

(12) A ldx(2,2') — ¢ < dy (¢(2), 9(2')) < Adx (z,2") + ¢,

—_—_— —
for all z,z’ € X.

If, in addition, there exists R > 0 such thatY C Nr{o(X )], then ¢ is called a
(A, ¢)-quasi-isometry.) In this case, we also say that X is quasi-isometric to Y.
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Lemma 6.12. (1) Let ¢ : X - Y atd v Y — Z be two quasi-isometric
embeddings. Then v - ¢ : X — Z is a quasi-isometric embedding.

(2) Let ¢ : X — Y be a quasi-isometry. Then ang}\ﬂuaszginverse]_quﬁ-
isometry v : Y — X. So a quasi-isometric embedding is a quasi-isometry
iof and only if it has a quasi-inverse.

?koog:_. 8? X —>Y AL ~A~n W KPY__) N4
%R(PK) = T, vy = Y £ X

)
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Lemma 6.21 (Svarc-Milnor Lemma). Suppose G acts properly and co-compactly
on a proper length space (X,d). Then : —
_ . ' Jormetn'c ackion
(1) G is finitely generated by a set S.
(2) Fiz a basepoint o € X. Then the map

(G,ds) = (Go,d), g — go,

is a G-equivariant quasi-isometric map. <3« {24 | qu @) IISMQ’(Q )

Corollary 6.23. Let G be a finitely generated group. Then any finite index sub-
group is finitely generated and quasi-isometric to G.
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Exercise 6.24. Let
1= N->-G—-1T-—=1

be a group extension, where G is finitely generated. Assume that N is finite. Then
G is quasi-isometric to .

Ezxamples 6.25. (1) If n # m, then R™ is not quasi-isometric to R™.
(2) All free groups of finite rank at least two are quasi-isometric.
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The universe of finitely presented groups complexty for p

groups
Martin R Bridson

The universe of fintely
prasented groups
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