
Lecture1 : Basic Riemannian Geometry (07/14/2021)
1.0

.
Conventions

• UEIR' domain : open ,
connected

• All the interested curves are piecewise Ck , KH

• All the metrics are default c-

• Einstein : Aib ; = aibi

A. 1 . Riemannian structure and
" "

geodesics

• Let ☒ = (Xs , . . . XD ,
4=41 , . . .tn) in IR?

do IX.4) = 11×-411=(84--4,5)+2Di
- ja

µg① Let 8 :[a.b)→ IR
"

be a continuous curve .Euclidean

Then ↳ (g) = sup d. ( Rt; - D , Nt;D ,
- P 5=1

where p= {att , <tea . . . < tn=b} partition .

'

• We say 8 is rectifiable if ↳(8) <• .

• If 8 :[a.b)→ IR' is d-
,
then tis rectifiable

and Loch = Silkdit



i

*



Riemannianstruc.tn#T A Riemannian CK- structure
Y : U→¢R7* ④ )* is a CK map

that assigns each ✗ C- U to a nonnegative
symmetric bilinear function.ie, ✓ ✗ c-U ,

F nonnegative symmetric rxn matrix
Gx Sit .

Tgzcu ,↳ = (u ,
G-
✗

- V7
.
V-u.ve ki

- un -

Euclidean
inner product

• Are length in terms of 9 :
Let 8 :[a.b)→ IÑ be a d-- curve .

Then

Lgbt = Sab 9.*,Colts .8⇐D±dt
-

• lntrinsicDistane@
Let UEIR

' be a domain with a Riemannian
structure g. Then

8 is a piecewise d- curve}dgcx ,y)=inf{↳ (8) /connecting ✗ and y



• metric.si#-/ A pair CX , d.) :
(1) dcp ,9-320 t p ,

9- C- X

"
=
" holds if p=1

G) dcp , 1) = dot , P) , ftp.9-EX .

(3) dcp ,E) E dcp , r) -1 do . 1) ,

V-pir.rc-X.co/ntrinsicDistanaandl-ergthspa#
Let CX

,
d) be a metric space .

Then we

define the intrinsic distance d# by

dkx.yk-infskxlr.r-o.it>✗ is acurve connecting ✗ and-
.

CX,d) is called a length space if
d=d*

.

. p×• Examples :

* CR? da) is a length space .

* CU ,
do> is a length space if U isconuex



• "

Geod) Let CX ,
d) be ametric space

- and let UEX be a domain .

A curve 8 :[a. b)→UI is said to be a
geodesic if V-tc-fa.be] ,

d. Colt i. Otto) = It , - td ."'Nt, )

V-ti.tn Suftiantly closed to t

A geodesic is minimal if dlrcai.ribD-t.CI
' Note : any geodesic is locally minimal .

Theorem
.
Let UEIR

"

be a domain equipped with
A-R-ienann.in structure g sit . CU , dg ) is a
complete metric space .

Then tf pi 9- C-U ,

F a minimal geodesic connecting p and 9-
.

↳ (8) = dgcp, E)

:



1.2
. Exponential map , connection , variation of arc length

• Variation of a curve .
Let 8:[a.b)→u be a

cu•ref#*•
A one-parameter variation of 8 is a map
✓: f-a. b) ✗ C- 1. 1) →U sit

. Vct ,07--84)
ft€ f-a.b) .

We denote 8s 1.)= VG .
s)
,
E)= Vct , •)

↳=LgCÑ=tii
Lemma

.
Let 8s : foil -→U be parametrized byproportiondto-itsaclevfhmk-hl-L.gr) . Then the following holds

,dd-st.ILs-f-%9a.IT/u.Yct,rctDdt.#
ahÉ⇒→=¥t+ÉtÉt)

.

Tx Cu ,D= 126×-1 DINU .

☒
¥418s) = Is £9m,Hilts .si#Jdt



=SÉ%%LÉ¥dt
=P { 8s'd

.GE#-,8s'ltDtdt=sf%H¥↳

.it#I+---s*-&3--s-Y-,G.rsi+,Ft1+(E-.3-slGrs-iT-
g
'

First.tk?-+#Y-s.G-rsiEe)+(E-iDGlHsIF+)
-1T¥.fi?-sI-+S)letirgs--o
,

" ¥

i-z-f://.AE#)+fr:GlG-!D4x)rDDdl=tf.Yr:qx7dt



For any smooth map f that assigns every ✗ C- U÷÷÷÷÷÷¥:÷÷÷±to a bilinear map Tx : 112×112^-3112 ,
the

is defined by

%⇒Xlt)=¥Xlt+Fn⇒(Ht1Xlt
• Basic properties :

r.CH#-li-neaity)
Do .ca/HBY)--2FiX+PFiY

- (2) (Leibniz)

Ogi lfx) = ftp.X-ftf.X

-
13 ) ( G- parallel)

1-+9*1×41=9,1%141+91×8.11
MEcheck them "

-

(4)③
•
-
linear)

f. jet,
Y = f % T

,

K f C-CHU) ,



¥1s
⇒

↳ = f? (¥, ✗ It , 8kt ) ) dt
= f? ✗Hi

,
8¥17 - (Xltt%tdt



Corotary
.

The first variation can be
written as

¥1s
⇒

↳ =

CNN.XHD-cxca.sc#-S?tXlts.Faitti)dt.
In particular , if VÉ , Ml.s)=H
then

⇒⇒

↳ = - SHHH , Fair#Ddt .

Corollary If 8 : Fai b) →U is ageodesic
,

then 8 satisfies jet)8Et)=o V-tc-k-a.li ,
i.e.
, ✗"E) 1- fat, (814-28%-3)=0 .



• A remark on the tangent vector :
A tangent vector VETPU is identified
with the operator of directional derivative

Duff ) E- §¥ it 8:[a 1)→U with

810)=p , 8407=0.

The above gives an intrinsic description of
target vectors .

We always denote off) = Dolf) .

Check :

v1 2ft p g) = 20(f) + pool.
(2) Vct = 0 .

- (3) off 9)= Nlt) 9 + food .



l-evi-civitacomectiojl.tn
operator O : XIU) ✗ Aclu) → Flu) D

is called a or In) connectionif
(1) 9×+47=8×7 + PYZ
G)

✗ Y = f 0×4
(3) 7×(4+7)=8×4+8×7

(4) 57×(1-4) = ✗(f) Y t f 0×4
,

where f- C- CHUI , ✗it , 2- C-FUN .

Furthermore , a linear connection ☐ is

called a Levi-Civita ( Riemannian) connection

if it satifies (14-4×711)
(5) [torsion - free or symmetric]
☐✗ Y - F. ✗ - Exit]¥y_y×
(G) f- 9- parallel]
✗ 91-4,73=9 (8×4.7)-19 (4,0×7)



¥. (1,07=3×-1
Local represent ion

Denote by Di =-D / the coordinate frames
we write 0%8; = TiÑk
Using (6) ,
-

DiGjk = GI Bidi , 2k) + Gfdj , %i2D.

Permuting the indices and applying (5) , (6) ,

then

g Jj , 2k)=¥(Di9jkt7j2ik - 2<9 i;)
.

finally.fi; = -129
" (Di 9jet Jj gie - 2e9i;)

in

Christoffel symbol

- Geodesic equation in coordinates 80=(4-1)

d¥ t.fi?u-s.dIi--Y.dYlt---o-+



F-xponentialmo.PT Let UEIR
" be a domain equipped with

a Riemannian metric 9 .

Then for any pen ,
the exponential map at p

is defined by
F-xp
,
(V) = 8117

.
VETPUEIR

'

,

where 8 is the geodesic E.t.JO>=p , 8407=0.

Why called
"

exponential
"

? ? ?

tenma
.

Let PEU . Op CTPUEIR
"

opens
.

Assume that Expp : Op→U is well-defined
.

Then Jlt> = Exppltv , tc-IO.to] is

a geodesic with 810>=p ,
867=0 if

t.VE Op V-tc-fo.to] .

to

temma .
Let EIX.it = ( × . F-xp.lv)) .

Then

F-✗Pin -- ✗ D④1,±É
"

1- 07 n

fF×P*
-

Id Id -1

n÷÷n n

In particular ,
F-xpp : Op → U is a local diffeomorphism .



tenma ( Gans Lema)÷¥ÉEg
The exponential map is a radial

,

isometry , i. e. ,

gF-xppHCDI-IPpfI.DE/ipp(uD=9pCV,u)
what about other directions ?

Prod .
Consider the variation

V4 , s ) = F-xpplt (Visu) ) .

Then 8s C.) = V6 ,
s) is a geodesic

t SE C- C- , E) .

✗A) = Is /
⇐
Vitis)=(DExp) (tu)

tv

⇐ t ④F-xp)trth)
✗ (1) =⑨Exp)ul# , 8041)=①Exp)uH
✗ 6) = 0

,
8561=0



Applying the first Variation formula .
¥ /sails = 91×111,8041)) -9km ,

so
'

))

= 1101151 . 91$Exptfu) , ④Exp)fv ) ) .

Onmtnheotherhand.IS= 11 Vt Su 11g = 9Gtsu , Otsu)£
Then

¥1s -
→

Is =IIE
'

-star .

=) JADExp) v67 , ④ F.✗photoD= 9 (u , v1 .
☐

Bs lo
"

) = { ✗ c- IR
" I do ( x , on < 8}

Bscp) = { ✗ c- U 1 dg CP , x) < 8 }


