GEOMETRIC GROUP THEORY: SOLUTIONS

JUNMING ZHANG

This is an unofficial solution for the exercises of the short course, Geometric Group Theory,
which is organized by Qiongling Li in the summer of 2021. More information can be found on
http://www.cim.nankai.edu.cn/2021/0611/c11453a372030/page.htm.

Exercise 1. Let (X, d) be a proper length metric space. Given o € X, let p,, : [0, 00) be a sequence
of length parameterized geodesic rays with the same origin (p,)— = o. Prove that there exists a
subsequence of p,, which converges locally uniformly to a geodesic ray poo : [0, 00) with po. (0) = o.

Solution.  Consider the compact ball B,,, := B(o,m). We will construct the convergent subse-
quence by induction. By Arzela-Ascoli Theorem, there exists a subsequence p; ,, of p,, such that
p1,» uniformly converges to a geodesic segment p; o, in B;. Now if the sequence p,, ,, are chosen,
then by Arzela-Ascoli Theorem again, there exists a subsequence py,+1,n Of P » such that py, 11 5
uniformly converges to a geodesic segment Py, 41,00 in By, 4-1. Note that p,,, 11 5, 1s a subsequence of
Dm,ns thus Py o = pm+1,oo|[0,m]. Hence p,,,m converges locally uniformly to a geodesic ray poo,
which is equal to p,, oo When restricts on [0, m], with po, = o. |

Exercise 2. Denote by QI(X) the set of equivalent classes of quasi-isometries of X . Prove that the
set QI(X) with the composition operation is a group. Moreover, there exists a homomorphism from
the isometry group Isom(X) of X into the group QI(X).

Solution.  a) We first prove that Q1(X) is closed under composition. Suppose 11,1 € QI(X)
are (A1, ¢1), (A2, c2)-quasi-isometry respectively. Then f = 1) o 1, satisfies that

dx (f(z), f(z') < Aadx (1 (x), P1(2")) + ca < Adadx (z,2") + Aocr + ¢z,

dx (f(2), f(2)) = A3 tdx (¥1(z), ¥1(2") — e = (M A2) tdx(z,2') — Ay 'er — e
for any z, 2’ € X. Note that )\5101 < Agcq, we get fis a (A1 A, Aacy + c2) quasi-isometric embed-
ding. Suppose X C Ng(¢2(X)). Forany z € X, there exists 2’ € X such that dx (¢2(x),2') < R.
Hence

dx (f(x),¢1(2") < MR+,

i.e. X C Ny grie(f(2)). Thus f € QI(X).

b) We also would like to prove that composition is well-defined up to equivalent class, i.e. if
f1, f2 are equivalent and g1, go are equivalent, then f; o g; is equivalent to fs o go. Suppose f; is
(A, ¢)-quasi-isometry and dx (f1, f2) < R1, dx(91,92) < Rs. Then

dx(fiog1(2), f2 0 92(x))

<dx(fiogi(z), f1092(x)) +dx(f2 0 g2(x), f1 0 g2(x))

<Mx (91(x), g2(x)) + ¢+ Ry

g)\RZ +c+ Rla
which means that f; o g; and f5 o g are equivalent.

¢) Now we want to prove that quasi-inverse is a suitable inverse. Fix a (], ¢)-quasi-isometry

f € QI(X) with its two different quasi-inverse g and ¢’ with dx(f o g(x),z) < Rand dx(f o
g'(x),x) < R. From

A ldx(g(x),d' () — e <dx(fog(z), fod (z)) <2R
we get g, g’ are equivalent. Hence quasi-inverse is well-defined up to equivalent class. By definition,
f o g is equivalent to the identity map. Besides, if X C Ng/(f(X)), then

Aldx(go f(z),x) —e<dx(fogo f(x), f(z)) < R
tells us g o f is equivalent to the identity map.

Thus QI(X) is a group equipped with the composition and quasi-inverse as product and in-
verse respectively. Because every isometry is indeed a quasi-isometry, I som(X) can embedded into

QI(X). O
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Exercise 3. Suppose two metric spaces X, Y are quasi-isometric. Prove that QI(X) is isomorphic
to QI(Y).
Solution.  As the argument in Exercise 2, we can show that if f1, fo : X — Y are equivalent
quasi-isometry and g;,¢92 : Y — Z are equivalent quasi-isometry, then g; o f; and go o f5 are
equivalent. Now suppose f : X — Y is a quasi-isometry and f ! is its quasi-inverse. Consider the
map
[ QIX) = QI(Y)
g fTrogof
f is indeed a homomorphism since f o f~! is equivalent to idx. Conversely,
F7QIY) = QI(X)
¢ fopof

is a homomorphism as well. Moreover, f f —1 and f -1 f are both identity map. Thus QI(X) is
isomorphic to QI(Y). O

Exercise 4. Letn > 3 be an integer. Prove that any two trees with vertices of degree between 3 and
n are quasi-isometric.

Solution.  Denote T3 by the 3-regular tree. We will prove that any tree 7' with vertices degree

between 3 and n is quasi-isometric to 73 by constructing a quasi-isometry q : T35 — T. Fix a vertex
Vo,1 € T3 and Wo,1 € T. Suppose S(’Uo,hk) = {Uk,i 1< < mfc} and S(UJQJ,]{J) = {wk,i :
1 < i < my}, where mj, = #S(vo,1, k) and my, = #S(wo1,k). And let g(vo1) = wo1. By
collapsing the path vg 1v1,1 - U, —3,1 to the vertex w1 and define ¢(vym,—i—2,i+1) = W1,i+1,
where 0 < ¢ < my — 3,and ¢(v1,2) = W1,m,—1, ¢(V1,m, ). By the induction we can construct a
surjective map q : 75 — T'. It’s obvious that

()~ 1< da(a).aly)) < dlay)

Thus q is a quasi-isometry. ]

Exercise 5. Prove the following two statements.

(1) The growth function of a finitely generated group always dominates that of any finitely gen-
erated subgroup.

(2) The growth function of a finitely generated group always dominates that of any quotient group.

Solution.  Suppose G is a finitely generated group with a finite symmetric generating set 1 ¢ S
and growth function ¢(n).

(1) Let H be a finitely generated subgroup of G with a finite symmetric generating set 1 ¢ S’
and growth function ¢(n). Let C be the length of the longest word in S’ with respect to S. Thus
Y(n) < ¢(Cn).

(2) Let G/N be a quotient group of G with growth function ¢(n). S is still the generating set of
G/N. Thus ¥(n) < ¢(n). O

Exercise 6. A finitely generated group is of exponential growth if and only if the growth rate with
respect to some (or any) generating set is positive.

Solution.  Suppose G is a finitely generated group with a finite symmetric generating set 1 ¢ S
and growth function ¢(n).
If G is of exponential growth, i.e. there exists C' > 1 such that e” < C'¢(Cn). Then
Ing(n) In ¢(Cn) n—InC 1

Scs= lim —/—~ = lim ——~ > lim — > 0.

1 )
If 0¢,s > 0, then there exists IV such that for any n > N, M > %

n
1 /
C’ > 0 such that né(n) > (' forany n € N. So ¢(n) > e“ ™. Hence G is of exponential
n
growth. (|

. Hence there exists

Exercise 7. Let F’ be a free group of rank n.

(1) Let S be the standard generating set of F. Prove that §p g = In(2n — 1).

(2) Let T be a finite generating set of . Prove that 0p 7 > In(2n — 1). Therefore, we see that
O is realized by some generating set dp = 0p ¢ = In(2n — 1).
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(3) By the second statement, explain that the value of the growth rate is not invariant under quasi-
isometries.

Solution.
(1) Let ¢ be the growth function of F' with respect to S. Then §(0) = 1 and when m > 1,

m—1

d(m) =1+2n 2(271 —1)%

i=0
Ifn=1,then p(m) =2m+1,0ps =0=1In(2 x 1 —1). If n > 2, then
n
¢(m) =1+ —[(2n - 1)™ 1]

and p ¢ = In(2n — 1).

(2) Consider the natural homomorphism 7 : F' — F/[F, F']. Then 7(T) is a generating set of the
free abelian group F'/[F, F|. Thus T contains an n-element subset 77 such that w(7}) generates a
free abelian subgroup of rank n in F'/[F, F| by extending F'/[F, F] to a R-linear space and choosing
basis. Now 77 generates a free subgroup Fy of F'. Now 7(F7) is at least rank n as a free abelian
group, hence F is rank n as a free group. So dp 1 > 0p, 1, = In(2n — 1).

(3) Note that the Cayley graph of any finite rank free group with respect to the standard generators
are quasi-isometry by Exercise 4. However, any two different finite rank free group has different
growth rate by (2). Hence the growth rate is not invariant under quasi-isometries. |

Exercise 8. Suppose G acts co-boundedly on a proper length space (X, d). Fix a basepoint o € X.
Then there exists a (possibly infinite) generating set S of G such that the map
(Ga dS) — (GO, d)
g go
is a G-equivariant quasi-isometric map.
Solution.  Let K be the bounded subset of X such that G - K = X with DiamK = R. Suppose
S :={s € G :d(o,s0) < 2R + 1}. Note that every proper length space is a geodesic space, so for
any g € G, there is a geodesic p : [0,Len(p)] — X from o to go. Set n := [Len(p)]. For any p(i),
there exists a g; € G such that d(p(7), g;0) < R, where 1 < i < n. Hence
d(o,g; ' gis10)

=d(gi0, gi+10)

<d(p(i), gio) + d(p(i), p(i + 1)) + d(p(i + 1), gi+10)
<L2R+1

for any 1 < ¢ < n — 1 shows that gi_lgiﬂ € S. Similarly, g1, g, g € S. Thus G is generated by S.
Now for any g, h € G, let g~*h = hy - - - hyy,, where h; € S and m = ds(g, h). Then

d(go, ho) = d(o,g~ " ho) < Zd (0,h;0) < (2R+1)ds(g, h).

On the other hand, by the above argument about generators and the geodesic we have
ds(g,h) = |g~"h| < d(o, g™ ho) +1 = d(go, ho) + 1.

Therefore, [g — go] is a quasi-isometric embedding. Note that X C Ng(Go), [g — go] is a
quasi-isometry. |

Exercise 9. We would like to prove the uniform boundedness of k-centers in 6-hyperbolic space.
(1) Let A = A(abc) be a geodesic triangle with vertices a,b,c € X and o be a k-center for
k > 0. Prove that

d(c,0) — 2k < (a,b). < d(c,0) + k.

(2) Let p, q be the two k-taut paths in X with same endpoints x and y. Let z € p, w € g be two
points such that d(z, z) = d(w, z). Prove that

d(z,w) < 2k + 160.

(3) Prove that the set of k-centers is of uniformly diameter depending only on k and 6.
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Solution.
(1) Let w € [a, b] satisfy d(o,w) < k. Then

(a,b). ==(d(a,c) — d(a,w) + d(b, c) — d(b,w))

Let x € [a, ] satisfy that d(o, x) < k. Note that
d(a,c) =d(a,z) + d(c, x)
d(a,0) — d(z,0) + d(c,0) — d(z,0)
d(a,0) + d(c,0) — 2k,
and similarly, d(b, ¢) > d(b,0) +d
d(a,c) 4+ d(b,c) > d(a,o

Hence (a,b). > d(c,0) — 2k.
(2) If d(x, z) < d(x,y), there exists a point v € [z, y] such that d(z,v) = d(x, z). Since X is

¢,0) — 2k, we can get

+ d(b,0) + 2d(c,0) — 4k > d(a,b) + 2d(c,0) — 4k.

N‘

d-hyperbolic and p is a k-taut path, there exists a point u € [z, y] such that d(z,u) < <3 46. So

d(u,v) = |d(z,u) — d(z,v)| = |d(z,u) — d(z, z)| < d(z,u) < ]; + 44.
Hence d(z,v) < d(u,v) + d(z,u) < k + 8J. Similarly we have d(w,v) < k + 85. Thus
d(z,w) < d(z,v) + d(w,v) < 2k + 164.
If d(z, z) > d(x,y), then
d(w,2) + d(z,y) < Len(p) < d(w,y) + k
implies that d(z,y) < k. Similarly, d(w,y) < k, hence
d(z,w) < d(z,y) + d(w,y) < 2k < 2k + 160.

(3) Suppose there are two k-centers o, o’ with respect to A(abe). Then The path [¢, o] U [0, a] and
[e,0'] U [0, a] are two 2k-taut paths. Because d(c,0) > (a,b). — k and d(c,0’) = (a,b). — k, there
exists p € [¢,0] and p’ € [c, 0] such that d(c,p) = d(c,p’) = (a,b). — k. Sod(p,p’) < 4k + 160.
Since d(o,p) = d(c,0) — d(c,p) < 3k and d(0’,p’) < 3k similarly, we have

d(0,0") < d(o,p) +d(p,p") + d(o',p") < 10k + 166.
Thus the diameter of the set of k-centers is smaller than 10k + 166. ]
Exercise 10. Let (X, d) be a geodesic metric space with d-thin triangle property. Prove that there

exists a constant 6’ > 0 such that every geodesic triangle is ¢’-thinner than a comparison geodesic
triangle in a tree.

Solution. Let A = /A(abe) be a geodesic triangle in X and x, y, z be the congruent points on the
respect sidelines. Since X has d-thin triangle property, there is a point p € [a, b] U [a, ] such that
d(p,x) < 0. Without loss of generality, suppose p € [a, b]. Hence

d(p, Z) = |d(p, b) - d(b7 Z)l = |d(b7$) - d(b,p)l < d(p, .%') <0

So d(z, z) < d(p, z) + d(p,z) < 24. Similarly, we can prove min{d(z,y),d(y, z)} < 2J. Hence
max{d(z,y),d(y, z),d(z,x2)} < 4. Now let 7 : A — T be the comparlson map from A to the
tree Ta. Suppose ¢ € Ta is a point satisfying d(m ( ),q) € (0,(b,c)a). Thenw=1(q) = {q1, g2} and
q1 € [a,y], ¢2 € [a, z]. Without loss of generality, we only need to prove that dg, 4, < 4. To prove
that, we would like to construct a geodesic triangle in X such that ¢, g2 are two congruent points
of it. Let ¢ : [0,d(a, c)] — X be an arc parameterization of [a, c] and consider the geodesic triangle
A(abe(t)). Since (b, ¢(0)), = 0, (b,c(d(a,c)))a = (b,c)q and (b, c(t)), is continuous, there is a
to € (0,d(a, c)) such that gy, g2 are congruent points of A(abe(ty)). Hence d(q1, g2) < 49. O
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Exercise 11. Let p be a path in a 6-hyperbolic space. Given a non-decreasing function f : Ryg —
R0, let p be a path such that Len(q) < f(d(g—,q+)) for any subpath ¢ of p. Assume that f is
sub-exponential (i.e. lim In f(n)/n = 0). Prove that p is a quasi-geodesic path.

n—oo

Solution.  We first prove a claim: Any path ¢ satisfying Len(r) < f(d(r—,r)) for any subpath
r of ¢ is contained in a uniform neighborhood in [¢_, ¢+ ]. Let € [¢_, ¢4 ] be the point maximize
d(z, q) and suppose d(x, q) = t. Since q_ € g, there exists a point ag € [¢—, ] such that d(x, ap) =
t. Noe let a; € [¢—,ap] be the point satisfying d(z,a1) = min{2t,d(q_,z)}. Moreover, there
exists a point ap € ¢ which realizes d(a1,q) and d(a;,a2) < t. Similarly, we can define by, by on
[+, 2] and by € ¢. Denote ¢’ by the path which is the restricted part of ¢ from ay to by. Hence
Len(q') < f(d(az,b2)) < f(6t). Since ¢’ U [ag, a1] U [a1, az] U [bg, b1] U [by, b2] is a path outside
the ¢-neighborhood of z,

Len(q') + 4t > CpeC2anbo) — ¢ o202t
by the exponential divergence of path, where C, Cs are two constants only depending on 6. Thus
f(6t) + 4t > Cpe22t,

That means ¢ has an upper bound D only depending on § because f is a sub-exponential function.

Now suppose ¢ is a finite subpath of p. Set n := [d(¢_,q+)] and let r : [0,d(¢—,¢+)] — X be
the geodesic from g_ to ¢. Forany 1 < 4 < n, there exists a point ¢; € ¢ such that d(g;,r(¢)) < D.
Hence the length of the path which is the subpath of g from g¢; to ¢; 11 is smaller than f(d(g;, gi+1)) <
f(2D + 1). And similarly, the length of the path which is the subpath of ¢ from g_ to ¢; (or from
Gn to g4 ) is smaller than f(D + 1) < f(2D + 1). Note that the union of the subpaths of ¢ from ¢_
to q1, from g; to g; 41, from g, to g4+ must be longer than q itself, thus

d(q—,q+) < Len(q) < (n+1)f(2D +1) < f(2D +1)(d(q-, q+) + 1).

So p is a quasi-geodesic. (|

Exercise 12. We would like to prove that there are only finitely many conjugacy classes of finite
subgroups in a hyperbolic group in the following steps. Assume that a group G acts geometrically
on a proper hyperbolic space (X, d).

(1) Define a notion of the center for any bounded set B in a metric space X. Define first the
radius of B:

rp:=inf{r: B C B(x,r),r 20,z € X},

where B(x,r) is the closed ball of radius r at z. The center of B is then defined to be set of points
o € X suchthat B C B(o,rg + 1).

(2) Prove that if X is d-hyperbolic space, the center of any bounded set is bounded by a constant
depending only on §.

(3) Apply the assertion (2) to the orbit B = F' - x of a finite subgroup F' of GG, and conclude the
proof that there are finitely many conjugacy classes of finite subgroups F'.

Solution.  Suppose Y C X is a bounded set with radius r,, and two centers o, o’. Note that in the
proper metric space, Y is a compact subspace so d(p, -) has maximum value on it for any p € Y.
Hence for any p € Y/, there is a point p’ € Y such that d(p,p’) > ry. Now let m be the midpoint
of [0, 0']. There exists a point y € Y such that d(m,y) > ry. Since X is a d-hyperbolic space,
A(00'y) has 66-thin property. Thus there is a point ¢ € [o,y] U [0/, y] such that d(m,q) < 66.
Without loss of generality, suppose ¢ € [0, y]. Then we have

(t — d , /
(y,q) = d(y,0) —d(o,q) <ry +1—d(o,m)+d(m,q) <ry +1+60 (020)_
Consequently, we get
d(y,m d +d d(07 0/)
Ty < (ya ) < (ya Q) (Qa m) <120 +7ry +1— T

Therefore, d(0,0’) < 248 + 2.

Without loss of generality, we can suppose there is a compact subset K with diameter smaller
than 1 such that G - K (If diameter is R > 1, we can define a new metric d = d/R on X, then X
is still hyperbolic but the hyperbolic constants become smaller). Suppose the set of the centers of
B = F -z is C. Now by (2) we know that the diameter of C is bounded by 246 + 2. If o € X
satisfies that B C B(o,7g), then for any point o’ € Y which satisfies d(o’, 0) < 1, ¢’ is a center of
B. In particular, there exists a g € G such that gz is a center of B. Note that C' is invariant under
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F, hence g~ 'C is invariant under g~ ' Fg. Since id € g~ 'Fg, g"'Fgx C g~ 'C. So every finite
subgroup F' is conjugate to a finite subgroup which is contained in

S:={g€G:d(z,gr) <240 + 2}.

Note that #5 < oo since G-action is proper, we get that there are only finitely many conjugacy
classes of finite subgroups. ]

Exercise 13. Let (X, d) be a geodesic metric space. If there exists § > 0 such that the following
inequality holds
(z,9)w 2 min{(2, 2)w, (¥, 2)w} — 90
for any z,y,z,w € X, then (X,d) is Gromov-hyperbolic. Now suppose (X,d) is a Gromov-
hyperbolic space. We would like to prove that X is a hyperbolic space.
(1) Prove first that there exists a point w € [z, y] such that (z, )., (¥, 2)w < d.
(2) Then prove that if (z, 2),, < 6, then d(w, [z, 2]) is bounded by a constant depending on .

Solution.  It’s obvious that by (1) and (2) we can prove the previous statement. Precisely, w is a
¢’-center of A(xyz), where §’ is the constant bounding d(w, [z, z]).

(1) Let w(t) be an arc parameterization of [x, y] such that w(0) = =, w(d(x,y)) = y. Note that
f(t) == (2, 2)w@) — (Y, 2)w() is a continuous function and f(0) = —(y,2), < 0, f(d(z,y)) =
(x,2)y = 0. There exists a point 0 < tg < d(x,y) such that w := wy, satisfies (2, 2)w = (Y, 2)w.
Since (x,y).,, = 0 and X is a Gromov-hyperbolic space, (z,2)y = (¥, 2)w < 0.

(2) By the similar argument in (1), there exists a point u € [z, z] such that (x,u),, = (2,)w
since (z,2)y — (2,2)w = (2, w); = 0and (z,2)y — (2,2)w = —(x,w), < 0. Thus

(2, 2)w + d(w,u) = (z,u)0 + (2, w)w = 2(2,u)y < 2(x, 2)y + 26.

So
d(w, [z, 2]) < d(w,u) < (x,2)y, + 2§ < 30.
]

Exercise 14. If any infinite set {g,, : n € N} in G has the convergence property, prove that G-action
(on a compact metrizable space M) is a convergence group action.

Solution.  Suppose G-action is not a convergence group action, then there exists a compact subset
Ky € ©3(M) and an infinite sequence {g,, : n € N} such that g, Ky N Ky # . Hence there
exists a sequence {(Zn,Yn,2n)} C Ko such that g,(z,,yn,2,) € Ko for all n € N. By the
compactness of K, we can find a subsequence {(Zn,, Yn,, 2n;)} Of {(@n, Yn, 2n)} which converges
to (z,y,2) € Ko and {gn, (Tn,, Yn,, 2n,) } converges to (x',y’, 2’) € K. Now by the convergence
property of {gy, }, there exists a subsequence {gnij }of {gn, } and a, b € M such that 9n,, converges
to b locally uniformly on M \ {a}. Since (z,y,2) € ©3(M), there are at least two elements in
{z,y, 2z} not equal to a. Without loss of generality, suppose a ¢ {z,y}. Similarly, there is at
least one element in {z’,y'} not equal to b. Without loss of generality, suppose ' # b. Then
{xmj } U{x} is a compact subsetin M \ {a}. However, {gy,, @y, } converges to 2’ instead of b, a
contradiction. ]

Exercise 15. Let G be acting on a compact metrizable space M as a convergence group. Then any
infinite set {g,, : » € N} in G contains a subsequence {g,, } and points a,b € M so that

(1) gn, converges to b locally uniformly in M \ {a}, and

(2) g,,* converges to a locally uniformly in M \ {b}.

Solution.  There exists a subsequence { gy, } and points a, b, z, y € M such that g,,, converges to
blocally uniformly in M \ {a}, and g,,! converges to z locally uniformly in M \ {y} since G-action
is a convergence group action. If z # a, then consider a point 2/ € M \ {y,b}. g, 'a’ converges
to x, hence g,,,x converges to z’, which contradicts to € M \ {a} and 2’ # b. Similarly we can
prove that y = b, hence g, is the subsequence we need. ]

Exercise 16. Prove that any finite group acts on a tree with a global fixed point.

Solution.  Let F' be a finite group acts on a tree 7. For any x € T, its orbit B := F - x is
a bounded set. Note that there exists an o which satisfies B C B(o,rpg), where rpg is the radius
defined in Exercise 12. Such a point o is called a center. If there exists two centers 0,0’ in T,
consider their midpoint m. For any point p € T, let ¢ € [0, 0] be the point realizing d(p, [0, 0']).

d /
If ¢ € [0/, m], then d(p, m) = d(p,0) — % and similar thing happens when ¢ € [0, m] since



GEOMETRIC GROUP THEORY: SOLUTIONS 7

geodesic connecting two points is unique in a tree. Thus the center is unique. Since B is invariant
under F', o is fixed under F'. O

Exercise 17. Let a finitely generated group G act without inversion on a tree 7. Then there exists a
minimal G-invariant subtree in 7.

Solution.  If every element in G has a fixed point, then they have a common fixed point by the
Corollary 2 of Chap.1.6.5 in [1]]. Hence the common fixed point is a minimal G-invariant subtree in
T'. If there exists an element g which fixes no point in 7', by the Proposition 25 of Chap.1.6.4 in [1] g
has a unique axis A, in 7" where g acts on as a translation. Such a g is called a hyperbolic element in
G. Now let T be the union of all axes of the hyperbolic elements in G. Note that every G-invariant
subtree contains T since every g-invariant subtree contains A, for ant hyperbolic element g € G.
Besides, T is G-invariant since for any i € G and a hyperbolic element g € G, hA; = Apgp,-1.
Now it suffices to prove that T is indeed a tree, i.e. Tz is connected. If two axes A, and A
are disjoint, then by the Proposition 1.2 in [2] we can get gh is also a hyperbolic element and Ay,
intersects with both A, and Aj,. Hence T(; is a minimal G-invariant subtree. O

Exercise 18. Prove that SL(n, Z) for n > 3 is not a hyperbolic group.

Solution.  Since SL(3,Z) is a subgroup for any SL(n,Z) when n > 3 and a hyperbolic group
cannot contain a subgroup isomorphic to Z?2, it suffices to prove that SL(3,Z) contains a subgroup
isomorphic to Z2. Now it’s easy to verify that

1 a 0
0 1 0|:a,beZ
0 b 1
is a subgroup we need since

1 a 0 1 d 0 1 a+d 0

010 0 1 0|=1]0 1 0

0 b 1 0o v 1 0 b+ 1

|
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