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Exercise 0.4 (Visual metric). Let o, : |
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(B", p) be two distinct geodesic
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Define

5(c, B) := lim e {a(®):81)a I d o, (e, i)
t—00 btyipi\/sgdl\’_c
Prove that 26(c, B) = |p — q|. The so-defined function § is called visual metric.

(Tips: use Hyperbolic Cosine Rule (in Beardon’s book))
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Definition 8.1. Let p,q : [0,00) — X be two geodesic rays. We say that p, g are
asymptotic if there exists D > 0 such that p C Np

Lemma 8.2 (Uniformity of asymptotic rays). Let p,q be two asymptotic geodesic
rays. Then there exist tg, sog > 0 such that woos S-L\\/F_

p([to, o)) C Nas(q([s0,00)))
and

q([s0,00)) C Nus(p([to, 0)))
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Lemma 8.8 (Visibility of boundary)._ In a hyperbolic space X, there exists a_geo-

desic between any two distinct z,y € X.
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Lemma 8.6. Let X, be endowed with the first or second topology. Then X, is a
compactification of X.
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7.6. Approximation trees in hyperbolic spaces. In this section, we prove a
very useful result, which gives a tree-like picture of any finite set in a hyerbolic
space.

/
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Lemma 7.20. Let X be a hyperbolic space, and F be a finite set. There exists
a constant ¢ = ¢(|F|) and an embedded tree T C X with F C T such that the
following holds

du9) < dr(y) < dx(y) +e

In other words, there exists an injective (1, c)-quasi-isometri t: T — X with
F (0.

Setchs  Tadwdion on  HF,

kOBS:K (:Arowo o~ ch\vem\\‘cm\m 4—0 o C—erg‘(?akb\
coluwa e Q(i\'o\u\f? Pw\’l,\5w\/&m C{:c(c/g)\

N
LN /7«(1/3;'-3@40(
M
Pra——
1 ¥ - pak,
[: = g‘(""x XMB oY - - o
21 \y —7~ ) \n

*3

DX FBIRIRFE #I5E 8



Lemma 7.22. Suppose (X, d) is a hyperbolic space. Then there exists § > 0 such
that the following holds

(15) d(z,y) +d(z,w) < max{d(z, z) + d(y,w),d(x,w) + d(y,z)} + é(MMw 'S AQA

for any four points x,y,z,w € X. Q\Q N i; 5paQ
Equivalently, (15) is amount to saying that 4\/_\&
(16) ﬂ@min{(x, 2)ws (Y5 2)w} — 6/2.
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So the inequality (16) in Lemma 7.22 proves the following.
Lemma 8.13. There exists 6 > 0 such that the following holds

(17) d(o, [z,y]) = min{d(o, [z, 2]),d(o, [y, 2])} — &
for any distinct x,y,2 € X and o € X. T
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Lemma 8.14. Let p: M x M — R>¢ a function satisfying (18, 19) with 1 < K <
V2. Then there exists a metric p on M such that

p(z.y) el alman = gl /\/\j &X
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VZ. 1hen there erists a metric p on WV such that

Pz,y) <|p(z,y) < p(@.y) M= BOX

K
for any x,y € ]\/{._\

Thus, we choose a € (0.1] small enough such that e® < /2 (there_ is a critical
value ag such that any a € (0, ap] works). Then we get a metric p, on X by Lemma

8.14 such that
(21) Pa(7,y)/2 < pa(z,y) < a(z.y)

Lemma 8.15. The induced topology on 0X b@s the same as the topology defined
in previous subsection.
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Theorem 8.19. Let X,Y be two hyperbolic spaces. Assume that there exists a

quasi-isometry between X and Y. Then the Gromov boundary of X is homeomor-
phic to that of Y.
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Definition 8.22. A homeomorphism f : X — Y is called quasi-conformal if there
exists a constant H so that

Hiin sup S.upd(z,y)zr d(f(l‘), f(y))

r—0 lnfd(:l:,y):r d(f(.’l?), f(y))
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heorem’ 8.23. Let ¢ : X — X be a quasi-isometry between hyperbolic spaces.

Then the induced map 9¢ : 0X — O0X is a quasi-conformal map with respect to
visual metric.
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