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Riemannian Geometry of Lie Groups
A CRASH COURSE .

DEI . A group G is called a lie group if
the following holds :

(1) G is a- differentiable manifold
(2) Both the multiplication ④ ih ) ts g. h

and the inversion 9 ↳ g-
1
are co .

On a lie group G, one can define

↳ ( h ) = g. h .
the G

R, Ch ) = h . g. the G .

Both are diffeomorphisms .

Def (left invariant vector field)
let G be a Lie group .

A rector

field ✗ is called left invariant if
it g. HE G

DLI (Xy) = ✗ g. h = ✗ ↳ 1h ) .



R
✗
g
= d. Lg ( Xo ) , left inunit

✗g-- d Rg ( Xe ) , right inuait

Def ( lie algebra) A vector space ✓
is called a lie algebra if a bilinear
operation f. .

.
] : VXV → V sit

.

F N , V .
W E V

(1) f- V , W] = - Ew, v]

127 f- Eun] , w] + [IV.w] in] + Irwin] , D= 0
.

F± let M ' be a manifold
.
Show that

b- ✗ , 4,7 c- FUMY . FAT]= XI- YX

(1) [Y , X ) -- - IX. Y]-
-

G) If✗ii. 7) + fit .71.x] + INDY]=o

ACID is a lie algebra of dime



Lenya .
If XY are left invariant .

then [ ✗ if] = XY - YX is also

left invariant
.

The subspace of left invariant
vector fields is a lie algebra

of dimension equal to dim¥
dim ( Te G)

.

F± Rotations of

5012)={ f-cost - sit
-

-

Sint cost f) t c- FORT]}
homeomorphic to 5£ .

Taking any curve

Oct) =p Cost - Sint

-
Sint cost ]



ran f- 0 -1

]
w-

.

am -={( I -

:) / ✗ ER}
¥fA+A-

Definition let ✗ C- ACKM ") . A curve
8 : fo , 1)→ ✗ is called the integral
curve of ✗ if y te Fo , ☐

¥ = ✗ it .
a

¥ &

← ←
←

£

tlp) = 8Lt) is called the flow
7't f fief✗ ,

where 8 is the integral curve

Theorem .

Tei"%%É% Lie group .

.

FUE Te G .
7 a unique 1- parameter



subgrovpofGS.t.8coj-V.pe/-.-A 1- parameter suitsgroup of G
is a Liegrouphomomorphism
8 : IR → G from the additive group
of IR into G.

Deff Exponential map)
The exponential map exp :B→ G- is
the map defined by

expC*)=exp×)-
where exp

✗
C.) denotes theintegral

of ✗ through e with

expxco) = e , expx
' G) = Xe

.



Proposition let G be a lie group , ✗c-§ ,
5. t EIR , GE G.

(1) exp (TX) = exp✗ (t) ft C- IR .

(2) exp (cts) X) -= exp CSX) . exp (TX)

G) ↳ • exP× is the unique integral

curve of ✗ through g
(4) Let Pt be flow of ✗ .

Then

Pt=Rexp
PI g c- G. Ptlg ) = Jglt) ,
where 8g is the integral are of ✗
through 9 .

8g (t ) = Lg (exp✗ It) )
= g. e×p
= Rexpxct, (8)

PICS) = R-expi-u.es) .



☒¥ "LIEF • expa)

ExamplesLcn)={A c- Gun ) / dtCA=1}
51 Cn ) = { tr (A) = o }

.

At)= exp (t A) is a 1- parameter subgroup

ofsurf
.

detlrltD-1-de.tk/-pltAD--exp(trlt-A)-Vtc-1RJtrlM--0---f
.

F± The lie algebra of 041¥,
,



F-± SUN . Ucr )
InT.tt#IdU4n)

Definition
A Riemannian metric C. . > is called

left invariant if any left translation is
isometric , i. e. ,

<u.bg = tengu , then )gv)h
b- g. h c- G

, V-u.VE/-gG .

-

Any inner product c. , >e en Te G

can be extended to be a left invariant
metric on G by defining
fu , G) g = (④↳+)§U , ④↳Ago>e.

Definition Bi- invariant :

-

both left invariant and right
invanat .



Theorem (Milnor ) G Lie group

(1) If G coupcut . then G admits
a bi - invariant metric .

(2) A Lie group admits a bi- invariant

metric it G- I K ✗ Hq
§

Compact Abelian

proposition C. . > bi- invariant metric on
G. V-XiY!ZEB②

(1) < IX. Y]
,
7) + CY, IX.737=0

G) Ifa left invariant metric G Satities G),
then it is a bi - invariant .

(3) 0×11=-0 . That is , any
1-parameter

subgroup of G is a geodesic .

exp = f-xp
Lie theoretic Riemannian



• (4) 9×4=-2 Exit]

(5) Rcxiiz ,w)=¥(fx.YJ.twit])
.

Consequently , SeCG
-

Animportoutexample
Hopf fibration ( Bergersphere)

SUCH-={RI -Ez ] / 7.wtc.R-i-ilui-Y.SU
(2) I 53 .

• Ti (Z,W) = 2-1W =Go {a) ⇒ s '

⑤→ S3 5



• (Rw) ↳ (Relzw) ,Im(Zw), #-¥Y
C- 1123

✗it, 7- C- 8 . Sit .

Exit]=z , FY. E) =X , FIX]=Y .

duals % . % . %

=TIE -12×02-1%073

Ñl IT -_ G-E)Z , 0×7=1-2++44

Rex = -EZ , 9yY=o , PyZ=X

PzX=t2Y PzY= - X , PzZ=o

ttsedx.YJ-t.seccxiz.tt?/seclYi2-)--c-3tz-#-



Let t→= the direction ✗ is

collapsing since its integrating
has length 2tT .

The is the round

metric of curvature -14 on

the 2- Sphere of radius Iz
.

S
'

✗ s
'
→ s

'

E
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