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1 có

• g1998c±5, Ð¤±Mï
Cartan-Hartogs�, Cartan-Egg�, uÛ�
�,2ÂuÛ��ÚuÛ�(��Êa�,Ù¥cüa´uÛ���A
Ï�¹,��a´uÛ���í2,ÏdùÊa�Ú¡�uÛ��.

• uÛ���Mï,Ú�
õEC¥�é¡;.�Ú�.��ïÄ,�õ
EC¼êØJø
��#�ïÄ+�.Ï
Û���Mï´�«
Þ
M#ÚgÌM#.

• ÄÑ���Æ±Ð¤±Ú�S��L�õECïÄ+Ng1998c±5
éuÛ��?1
XÚ�ïÄ,�uL
k'Ø©70õ�. Ì��7X
±e4�ïÄ��?1.

• �ÑuÛ��þ�BergmanØ¼ê�wL�ª;

• y²BergmanÝþÚKobayashiÝþ�'�½n, y²Einstein-KählerÝ
þÚKobayashiÝþ�'�½n;

• wª¦Ñ��Einstein-KählerÝþ;

• ïÄ²;Ýþ��d¯K, y²
BergmanÝþ�duEinstein-
KählerÝþ�ù�£¤Ðß�3Cartan-Hartogs��¤á.
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• Ù{~XBergmanÝþ���5,È©L«, Bloch¼ê,4�¯K��
¡�(JÒØKã
. y3qO\
uÛ��þºé�¯K�ïÄ.

• �Kþ,éuCartan�Ú�.��?ÛïÄ�KÑ�±3uÛ��þ?
1ïÄ,Ï�P��{1ØÏ,I�g�Ú�{þ�M#.

• ¤¼¤J��IS	;[�Ðµ,¿3ISþ�)
�
K�

• ºé��¬32005c2�@�uÛ���Mïmÿ
��#�ïÄ+
�,éuuÛ���ïÄ@�´/±Ð¤±�Ç�Ä�ïÄ8NCc
53õECêþ�Ñ
ISCÊ!8cS�ÑÚ�¤J0;

• ¸I�IáÄ��Æ(Seoul National University.)�ÇChong-Kyu Han(¸
T6)��Ð¤±c��'uuÛ���ïÄ�X��w,¿ÐÚïá

Ü�ïÄuÛ���'X,¦�®²�
Jong-Do Park£Èý�¤Æ
¬5�ÄÑ���Æ,�S�Çòu²c4��¯Ä��Æ.

• ���J�´, Jong-Do ParkÆ¬ò��dÄ��Æ]Ï,Ø^·�Ñ
],2g�¦5�ÄÑ���ÆÜ�ïÄuÛ��.

• {I�ÇG.Roos®²uL
ü�'uïÄuÛ���Ø©; {IMrs
F.Z. DemmadïÄ
Cartan-Hartogs�$��¹e�ºé�¯K;

• a;x���ÆÜ�p(Gengkai Zhang)�Ç2005c3ÄÑ���Æ�
üù�K8Ò´/uÛ��þ�2)Ø0.
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·�éuÛ���Mï���{ü�{¤

£�, éî8��¤����ã5¤J�
��nãÚo(;
ùp±1�aCartan-Hartogs��~, âÑ
0��
#�g�Ú�{, JÑ
�
ÿ
�)û�¯K;
F"�õ�ÆöÏL·��0�, éuÛ
��k,�
?1���\�ïÄ. �
�w�Ì�SN�kòuL35êÆ?

Ð62006c����Ïþ. 11�¥Íw�,
òò´uLu5êÆ?Ð62007c1�
Ï,=4�°�@�Ï.
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2 ��

uÛ���ïÄg1998cMï±5��I[g,�ÆÄ7�
¬ÊÊê
Æ­:�8Ú�g¡þ�8�|±,���®½g,�ÆÄ7�
¬�g
¡þ�8�|±,g2005cm©�����Üp�Æ�Æ¬Æ�:;��
ïÄ7�|±,Ad��. �8¶¡Ú1OÒXe:

• I[g,�ÆÄ7�
¬ÊÊêÆ­:�85õEC¼êØ6,1O
Ò:19631010,å�c�: 1997.01-2001.12.

• I[g,�ÆÄ7�
¬¡þ�85[à�þ�EAÛ©Û6,1O
Ò:10171068,å�c�: 2002.01-2004.12.

• I[g,�ÆÄ7�
¬¡þ�85õEC¼êØ¥�uÛ���A
Û©Û6,1OÒ:10471097,å�c�: 2005.01-2007.12.

• �®½g,�ÆÄ7�
¬¡þ�85��EAÛ©Û�eZ¯
K6,1OÒ:1972002,å�c�: 1997.09-2001.09.

• �®½g,�ÆÄ7�
¬¡þ�85y�EAÛ©Û6, 1O
Ò:1012004,å�c�: 2002.09-2005.09.

• ��Üp�Æ�Æ¬Æ�:;��ïÄ7�85uÛ���EAÛ©
Û6,å�c�: 2005.01-2007.12.
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3 uÛ���Mï

• uÛ��´ïá3é¡;.��Ä:þ�,ÏdÄk0�é¡;.�.

• 3.1. é¡;.�

¯¤±�, E.Cartan3þ­V30c�éõECê�m¥�Ø���k.
é¡�3V�X�d�^�e?1
¤õ�©a[01],o�ko�aÚ
ü�E�ê©O�16Ú27�~	�¹. uÛ�[02]3þ­V50c�,é
o�a�é¡;.�?1
XÚ�ïÄ,��
IS+k�¤J,¼�

¥I1�3g,�Æø��ø,Ù¤Jo(3¦�5õEC¼êØ
¥�;.��NÚ©Û6¶Í¥,y®¤�õEC�²;Í�,�8�
~�Ú^. ù
�¡��é¡;.�,±«Ou�é¡��¹,
du
´Cartan?1©a
���,�q¡��Cartan�.

• o�a;.��Ý
¢y�:

RI(m, n) := {Z ∈ Cmn : I − ZZ
t
> 0, },

RII(p) := {Z ∈ Cp(p+1)/2 : I − ZZ
t
> 0, },

RIII(q) := {Z ∈ Cq(q−1)/2 : I − ZZ
t
> 0, },

RIV (n) := {Z ∈ Cn : 1 + |ZZt|2 − 2ZZ
t
> 0, 1− |ZZt|2 > 0}.

http://192.9.200.1
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• ùpZ©OL«(m, n)Ý
, (p, p)é¡�
,(q, q)�é¡�
Ú(1, n)Ý


, ZL«Z��Ý, ZtL«Z�=�.

• �u16�Ú27��ü�~	�(©OP�RV (16), RV I(27))�Ý
¢y

�±ë�[03].

• bXm = 1,KRI(1, n)Ò´Cn ¥��¥,=RI(1, n) = Bn(0, 1) = Bn.
�m = n = p = 1, q = 2�,þãoa�Ñ�Lü ��. Ïd,ùo�
aé¡;.�Ñ�±w¤´Eê²¡þ�ü ��3p��í2.

• ù
;.��8ÜP�RH,=

RH = {RI(m, n), RII(p), RIII(q), RIV (n), RV (16), RV I(27)}.

http://192.9.200.1


Institute of 
Structural
Mechanics

ºé�ß��{¤£�

BergmanØ¼ê9º . . .

ºé�¯K�ïÄV¹

1�aCartan- . . .

�¯Ì�

I K �

JJ II

J I

1 9�� 72�

� £

�¶w«

' 4

ò Ñ

• 3.2. uÛ����¯

1998c2�Ð¤±�¯{Ip��ÆïÄ�(Institut Des Hautes
Etudes Scientifiques, {¡IHES), Guy ROOS�Ç��Ð^�Ê�$�
Æ(University of Poitiers)¿�üù,Ðüù�K8´/�.�þ��

(J0(Some Results on Egg Domain),

• ùp��.�(Egg domain)äk±e/ª:

E(K) = {w ∈ C, z ∈ Cn : |w|2K + |z|2 < 1}.

@�RoosJ
��¯K,duþã�.��±��:

{w ∈ C, z ∈ Cn : |w|2K < 1− |z|2}.

ùØ�ª�m>�1− |z|2 > 0,ù´�¥Bn�L«ª. Ï
T�.�Ò
�du

{w ∈ C, z ∈ Bn : |w|2K < 1− |z|2}.

ùL²T�.�´ïá3Bn�, 
Bn ´Cartan��AÏ�¹. Roos�
¯KÒ´UÄ�þã�.�@��E��ïá3Cartan�þ��?

http://192.9.200.1
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• Ð¤±�Ñ
ù¯K��¡£�:

YI(N, m, n; K) = {W ∈ CN , Z ∈ RI(m,n) : |W |2K < det(I−ZZ
t
), K > 0},

YII(N, p; K) = {W ∈ CN , Z ∈ RII(p) : |W |2K < det(I − ZZ
t
), K > 0},

YIII(N, q; K) = {W ∈ CN , Z ∈ RIII(q) : |W |2K < det(I−ZZ
t
), K > 0},

YIV (N, n; K) = {W ∈ CN , Z ∈ RIV (n) : |W |2K < 1−2ZZ
t
+|ZZt|2, K > 0},

ùpdet L«1�ª, N, m, n, p, q Ñ´g,ê. ù«�, Ð¤±¡�
�Cartan-Hartogs�,½�Cartan�.

• Ð¤±£��®��,O�Ñ
§��BergmanØ¼ê�wL�ª[04-
12]. ~X,1�aCartan-Hartogs�YI(1, m, n; K)�BergmanØ¼ê�:

K−mnπ−(mn+1)F (Y )det(I − ZZ
t
)−(m+n+1/K).

Ù¥

F (Y ) =
mn+1∑
i=1

aiΓ(i + 1)Y i+1.

Y = (1−X)−1, X = |W |2[det(I − ZZ
t
)]−1/K.


ai(i=1,2,...)Ñ´~ê.

http://192.9.200.1
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• 3Cartan-Hartogs��½Â¥,Ø�ª�m>3Jordan Triple System¥¡
�T��generic norm. -ND(Z,Z)L«�D�generic norm,KCartan-
Hartogs��±½Â�

Y (N, D; K) = {W ∈ CN , Z ∈ D : |W |2K < ND(Z,Z), D ∈ RH}.

• Ù�,Ð¤±rCartan-Hartogs�í2�Xe�¤¢Cartan-Egg�:

{W1 ∈ CN1, W2 ∈ CN2, Z ∈ D : |W1|2K + |W2|2 < ND(Z,Z), D ∈ RH}.

§��BergmanØ¼ê��±wª¦Ñ[12-16].

• Ù�Ð¤±qr§�í2¤Xe�uÛ��:

{Wj ∈ CNj , Z ∈ D :
r∑

j=1

||Wj||2pj < ND(Z,Z), pj > 0, j = 1, . . . , r.D ∈ RH}.

ùp||Wj||2 =

Nj∑
k=1

|wjk|2.
ÙBergmanØ¼ê��wª¦Ñ[17-21].

http://192.9.200.1
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• Ù�,Ð¤±q�2���±e��:

{Wj ∈ CNj , Z ∈ D :
r∑

j=1

||Wj||2pj < [ND(Z,Z)]K, pj > 0, j = 1, . . . , r.D ∈ RH}.

ù¡��2ÂuÛ��. ÙBergmanØ¼ê�wª��±¦Ñ[22,23].

2ÂuÛ���±U�¤Xe/ª:

{Wj ∈ CNj , Z ∈ D :
r∑

j=1

||Wj||2pj

[ND(Z,Z)]K
< 1, pj > 0, j = 1, . . . , r.D ∈ RH}.

ùp�Ø�ª�>�r�ªf�©1Ñ´�Ó�.

• bX©1�±Ø�Ó,@oÒ��eã��¡��uÛ�(�:

{Wj ∈ CNj , Z ∈ D :
r∑

j=1

||Wj||2pj

[ND(Z,Z)]Kj
< 1, pj > 0, Kj > 0, 0 < j ≤ r.D ∈ RH}.

• é3$�´,uÛ�(��BergmanØ¼ê�Ñ�±wª¦Ñ[24,25].

http://192.9.200.1
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• ¯¤±�,Uwª¦ÑÙBergmanØ¼ê���a.é�,
�4Ù(
J.ÏdéõêÆ[@�U
wª¦ÑBergmanØ¼ê��´é��ï
Ä��.

• ± ���k.à5�Ú�.�áuda,y3qk
þã�±wª
¦ÑÙBergmanØ¼ê���a.,ù´ék¿Â�¯�.

• 3e�o«�¹e,uÛ���BergmanØ¼êØ��±wª¦Ñ,

��±^Ð�¼ê5L�:

(I) r = 1, pr = p1 = K;

(II) p1 = p2 = · · · = pr−1 = 1, pr > 0,;

(III) 1/p1, . . . , 1/pr Ñ´��ê;

(IV) 1/p1, . . . , 1/pr−1Ñ´��ê,
pr > 0.

±þÒ´MïuÛ���{ü�{¤. e¡nãuÛ��þ¤���
­�ïÄ¤J.

http://192.9.200.1
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4 uÛ���BergmanØ¼ê
• üECêÚõECê�¹e�BergmanØ¼ê´dÅ=êÆ
[S.Bergman©O31922cÚ1933cÚ?�[26,27].

�D´Cn¥�k.�,eH(D)L«¤k3D�X�¼ê�8Ü,-

L2
a(D) = {f(Z) ∈ H(D) :

∫
D

|f(Z)|2dV < ∞}.

ùpdVL«�D�î¼ÿÝ.KL2
a(D)´��Hilbert�m,ÙSÈ�:

< f, g >=

∫
D

f(Z)g(Z)dV, f, g ∈ L2
a(D).

§äk�êÄ. �{φk(Z)}, k = 1, 2, . . .´L2
a(D)����IO��Ä.

K

KD(Z, T ) =
∞∑

k=1

φk(Z)φk(T ), (Z, T ) ∈ D ×D. (2.1)

¡��D�BergmanØ¼ê, §´���, �Ø�6u�D���IO

��Ä�ÀJ.

http://192.9.200.1
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• §q¡��D�2)Ø,=§kXe�2)5�: é?¿�f ∈ L2
a(D)

k

f(Z) =

∫
D

f(T )KD(Z, T )dVT , Z ∈ D. (2.2)

ù´�D�BergmanØ¼ê���A�5�, �Ò´`, ªf(2.2)�±

���D�BergmanØ¼ê�½Â.

• dulKD(Z,Z)é´��KD(Z, T ),Ï
e¡�ÄKD(Z,Z).

�T0´�D����½:, W = F (Z)´�D��XgÓ�C�, §
rZ0N�T0,�JF (Z)´dC��JacobianÝ
,-detL«1�ª. Kk

KD(Z0, Z0) = {KD(F (Z), F (Z))|detJF (Z)|2}Z=Z0
, (2.3).

eD´���4�(��à5�),KZ0�±´DS?¿�:
2±ZL

�.Ò��XÛ¦à5�D�BergmanØ¼ê�úª,=

KD(Z,Z) = c|detJF (Z)|2|Z0=Z, (2.4).

Ù¥c��D�NÈ��ê. ±þ�ªÑ�^5Ï¦BergmanØ¼ê�
wL�ª. uÛ�Äk^(2.4)¦Ñ
o�aé¡;.��BergmanØ¼
ê�wL�ª[02],ù«�{�¡�uÛ��{.

http://192.9.200.1
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• éu����.�

E(p1, . . . , pn) = {(z1, . . . , zn) ∈ Cn : |z1|2p1 + · · ·+ |zn|2pn < 1},

ùpp1, . . . , pnÑ´�¢ê. 
�zj(j = 1, . . . , n)Ñ´Eê. �2��
�/´z��zjÑ´E�þ��¹, =zj = (zj1, . . . , zjmj

) 
|zj|2pj =

[
∑jmj

k=j1 |zjk|2]pj .ù«�����P�E(p1, . . . , pn; m1, . . . ,mn)½{P

�Ep;m. duùü«�Ñ´�¹�:�¥%�Reinhardt�.
Cn¥�ù

«�¹�:�¥%�Reinhardt�(P�D)���IO��¼êX�

{ zj1

1 zj2

2 . . . zjn
n

||zj1

1 zj2

2 . . . zjn
n ||
}, j1, . . . , jn = 0, 1, 2, . . .

Ù¥

||zj1

1 zj2

2 . . . zjn
n || = [

∫
D

|zj1

1 zj2

2 . . . zjn
n |2dV ]1/2.

��¦Ñþª��, d(2.1)ªB��D�Bergman Ø¼ê�wL�ª,
eÙÚ¼êU¦Ñ5¿^Ð�¼ê5L«K�Ð
. ù«¦Bergman
Ø¼ê��{¡�?ê{. é�.�Ñ´^?ê{5¦ÙBergmanØ
¼ê.

http://192.9.200.1
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• Ød�	,�uy
3��n[28],�l®���BergmanØ¼ê�wL
�ª��#���wL�ª.

• ; �n(Deflation principle): �Ω´Cn¥dØ�ªφ(z) < 1 ¤.½

��, ùpφ(z) ´3Ω �4��,���ëY��K¼ê. -K1

L«Cn+2 ¥��Ω1 �BergmanØ¼ê, Ω1 dØ�ªφ(z) + |ζ1|2/p +

|ζ2|2/q < 1¤.½, p�qÑ´�¢ê. -K2L«Cn+1¥dØ�ªφ(z) +

|ζ|2/(p+q) < 1¤.½��Ω2�BergmanØ¼ê. Keã�ªÒ¡�; 
�n:

πK2(z, 0; w, 0) =
π2Γ(p + 1)Γ(q + 1)

Γ(p + q + 1)
K1(z, 0, 0; w, 0, 0)

• òS�n(Folding principle): òS�nÒ´ë�©z[29]¥�'
uBergmanØ¼ê3_;Nìe�C�úª:

�G�DÑ´Cn¥�k.�, F : G −→ D´NG�D���m�_;

Nì. -u := detF ′, -Φ1, . . . , ΦmL«½ÂuD − Vþ�F �m�Û

Ü�_Nì, ùpV := {F (z) : z ∈ G, u(z) = 0}. 2-Uk := detΦ′
k

.KG�BergmanØKG�D�BergmanØKD�C�úª�:

m∑
k=1

KG(z, Φk(w))Uk(w) = u(z)KD(F (z), w), z ∈ G, w ∈ D − V.
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• )ä�n(Inflation principle):�D´Cn+1¥�k.��Hartogs�§d
Ø�ª|ζ|2 < φ(z)¤.½§ùpζ ∈ C, z ∈ Cn,
φ(z)3Cn ¥�,�

�k.��SÜ´k.���ÚëY�¼ê: G´Cn+m ¥�dØ�

ª|Z|2 < φ(z)¤.½��,ùpZ = (Z1, . . . , Zm), |Z|2 = |Z1|2 + · · · +
|Zm|2. du�3¼êL(z, w, s),¦�D�BergmanØ¼êKD(z, ζ; w, η)

UL�L(z, w, ζη), Ï
�G�BergmanØ¼êKG(z, Z; w, W )Ude

�'Xª�Ñµ

KG(z, Z; w, W ) = π−(m−1)[∂m−1L(z, w, s)/∂sm−1]s=<Z,W>, (2.6)

ùp< Z, W >= Z1W1 + · · ·+ ZmWm.

• 4��{µ�D ´k.�, Dm ⊂ D´�X���, Dj ⊂ Dj+1, 

�limDm = D, �Km(z, w), K(z, w) ©O´Dm, D�BergmanØ¼ê,
KklimKm(z, w) = K(z, w)[73].
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• 4.1. Cartan-Hartogs��BergmanØ¼ê

oaCartan-Hartogs�QØ´à5��Ø´Reinhardt�.Ï
ØU^u
Û��{½?ê�{�¦ÙBergmanØ¼ê. I�#��{. ù«#
��{Q�uÛ��{¥����XgÓ�+, q�?ê�{¥�
������¼êX.y3±1�aCartan-Hartogs�YI(N, m, n; K)�

~5`²ù«#��{[05]. 
d)ä�n, ����YI(1, m, n; K)

�BergmanØ¼êÒ�±���YI(N, m, n; K)�BergmanØ¼ê.

• 4.1.1. Äk, Ð¤±�E
�YI(1, m, n; K)�rS:(W, Z0) C�

:(W ∗, 0)��XgÓ�C�: W ∗ = eiθWdet(I − Z0Z
t
0)

1/(2K)det(I − ZZ
t
0)
−1/K,

Z∗ = A(Z − Z0)(I − Z
t
0Z)−1D−1.

ùpA
t
A = (I − Z0Z

t
0)
−1, D

t
D = (I − Z

t
0Z0)

−1, Z0 ∈ RI(m, n), i =

(−1)1/2.ù«C��8ÜP�Aut(YI).
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• -(W ∗, Z∗) = f(W, Z) ∈ Aut(YI), KI(W, Z; W, Z) �YI(1, m, n; K)

�BergmanØ¼ê,Kd(2.3),k

KI(W, Z; W, Z) = KI(W
∗, 0; W ∗, 0)(|det(Jf)|2|Z0=Z. (2.7).

N´O�Ñ

|det(Jf)|2Z0=Z = det(I − ZZ
t
)−(m+n+1/K). (2.8)

dd��, eUO�ÑKI(W
∗, 0; W ∗, 0), @oYI(1, m, n; K)�Bergman

Ø¼êKI(W, Z; W, Z)Ò¦Ñ5
. �dÒI��Reinhardt��qg.

• 4.1.2. Ð¤±quyù«Cartan-Hartogs�éCþW äkReinhardt��
5�, 
éCþZäk�.��5�, ddÚ?
�Reinhardt�(semi-
Reinhardt domain)�Vg¿¦Ñ
§���IO��X.

�D´Cm+n¥��¹�:�üëÏk.�,bX§��XgÓ�+�
¹e�C�: {

w∗
j = e

√
−1θjwj, j = 1, 2, . . . . . . ,m;

z∗k = e
√
−1θzk, k = 1, 2, . . . . . . , n,

K¡D��Reinhardt�.w,�Reinhardt���.�,��Ø,.
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• '��:3u�Reinhardt�D���IO��X�±¦Ñ5, §äk
Xe/ª:

{wj1

1 . . . wjm
m P

(j)
ki (z)}

(j1, . . . . . . , jm, k = 0, 1, 2, . . . ; i = 1, 2, . . . ,mk;

mk = (n + k − 1)![k!(n− 1)!]−1).

ùpP
(j)
ki ´Cþz1, · · · , zn,�kgàgõ�ª, é?¿�½�k, j, Kõ

�ªP
(j)
k1 , P

(j)
k2 , · · · , P

(j)
kmk
´�5Ã'�.

• 4.1.3. e�Ú´O�KI(W
∗, 0; W ∗, 0). ��Bå�, ^W�OW ∗.

duYI(1, m, n; K) ´semi-Reinhardt �, �YI(1, m, n; K) �IO�

���¼êX´{W jP
(j)
ki (Z)} = {Φjki}(j, k = 0, 1, 2, . . . . . . ; i =

1, 2, . . . ,mk; mk = (mn + k − 1)![k!(mn − 1)!]−1). �âBergmanØ¼
ê�½Â,��

KI(W, Z; W, Z) =
∑

|W jP
(j)
ki (Z)|2.

Ïd

KI(W, 0; W, 0) =
∑
|W jP

(j)
ki (0)|2 =

∑
|W jP

(j)
01 (0)|2

=
∑
|AjW

j|2 =
∑
|Aj|2|W |2j.

(2.9)
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• duAjW
j = Φj01(j = 0, 1, 2, . . . . . . )´YI(1, m, n; K)�IO����

¼êX��Ü©,Ï


Aj = [

∫
YI

|W |2jdV ]−1/2 = [

∫
YI

|W |2jdWdZ]−1/2.


∫
YI

|W |2jdWdZ =

∫
|W |<R

|W |2jdWdZ =

∫ 2π

0
dθ[

∫
RI(m,n)

∫ R

0
R2j+1dRdZ].

ùpR = det(I − ZZT )1/(2K). Ï
k∫
YI

|W |2jdWdZ = π(j + 1)−1
∫

RI(m,n)
det(I − ZZT )(j+1)/KdZ.

-λ = (j + 1)/K,Kk∫
RI(m,n)

det(I − ZZT )(j+1)/KdZ =

∫
RI(m,n)

det(I − ZZT )λdZ.

ù�È©uÛ�3��­Vc®²O�Ñ5
[02, P.28]. §�u

Jm,n(λ) = πmnΠn
i=1Γ(λ + i)Πm

k=1Γ(λ + k)/[Πn+m
h=1 Γ(λ + h)].
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• ù�Ò¦Ñ(2.9)ª¥�|Aj|2,=k

|Aj|2 = K−mnπ−(mn+1)P (j),

Ù¥

P (j) = (j + 1)[(j + 1 + Kn)(j + 1 + K(n− 1)) . . . (j + 1 + K)]

[(j + 1 + K(n + 1))(j + 1 + Kn) . . . (j + 1 + 2K)]

[(j + 1 + K(n + 2))(j + 1 + K(n + 1)) . . . (j + 1 + 3K)] . . .

[(j + 1 + K(n + m− 1))(j + 1 + K(n + m− 2)) . . . (j + 1 + mK)].

§´j�mn + 1õ�ª. Ïd,

KI(W, 0; W, 0) =
∞∑

j=0

K−mnπ−(mn+1)P (j)|W |2j.

�
¦ÑþãÃ¡?ê�Ú,rP (j)U��

P (j) =
mn+1∑
i=0

aiΓ(j + i + 1)/Γ(j + 1).
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• @o,´�a0 = P (−1) = 0.
Ù{�ai(i = 1, 2, · · · , mn + 1)d±e4

íúªû½:

ai =
P (−i− 1)−

∑i−1
k=0 ak(−1)kΓ(i + 1)/Γ(i− k + 1)

(−1)iΓ(i + 1)
.

• �C,Ü|ly²
þª�±U�Xe:

ai =
i∑

j=1

(−1)jP (−j − 1)

Γ(i− j + 1)Γ(j + 1)
.

dd��

KI(W, 0; W, 0) =
∞∑

j=0

|Aj|2|W |2j

= K−mnπ−(mn+1)
mn+1∑
i=0

aiΓ(i + 1)(1− |W |2)−(i+1).

• òW EU�W ∗,5¿�a0 = 0,Kk

KI(W
∗, 0; W ∗, 0) = K−mnπ−(mn+1)

mn+1∑
i=1

aiΓ(i + 1)(1− |W ∗|2)−(i+1).

(2.10)
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• 
W ∗´W 3C�f(W, Z)e��¿-Z0 = Z ö©ù�Bk

|W ∗|2 = X = X(W, Z) = |W |2[det(I − ZZT )]−1/K. (2.11)

¿-

Y = (1−X)−1, F (Y ) =
mn+1∑
i=1

aiΓ(i + 1)Y i+1. (2.12)

��

KI(W, Z; W, Z) = K−mnπ−(mn+1)F (Y )det(I − ZZT )−(m+n+1/K).

(2.13)

• A^)ä�n,Ò���YI(N, m, n; K)�BergmanØ¼ê�

KI(W, Z; W, Z) = K−mnπ−(mn+N)G(Y )det(I − ZZT )−(m+n+N/K).

(2.14)

ùpG(Y ) =
∑mn+1

i=1 aiΓ(N + i)Y N+i, ai Óþ, Y = (1 − X)−1, X =

|W |2[det(I − ZZT )]−1/K, |W |2 =
∑N

j=1 |Wj|2. 3KI(W, Z; W, Z) ¥

-K = 1,Ò��YI(N, m, n; 1)�BergmanØ¼ê�wL�ª.
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• 4.2. ^þãaq�g�Ú�{�±éÙ{�Cartan-Hartogs�±
9Cartan-egg�, Hua�, 2ÂHua�, Hua(�¦ÑÙBergman Ø¼ê
�wL�ª,ë�þ¡�Ñ�©z[04-25],ùpØ2Kã.

• �,g�Ú�{aq, �´�I�éõO�þ�E|. AO´O
��A�KI(W, 0; W, 0) =

∑∞
j=0 |Aj|2|W |2j�, ù�Ã¡?ê�Ú¼

ê´ÄU
¦Ñ´ékE|5�. �8c��, uÛ���½Â¥
�pj(j = 1, 2, . . . , r)ekü�ØÓ�pjÙ�êÑØ´��ê�,�A�
Ã¡?ê�Ú¼êÒ¦ØÑ5.

• duuÛ���BergmanØ¼ê�wª®²¦Ñ,ùÒ¦�ù�+��
kNõ�uÐ��YïÄ��,~X,�±�ÄuÛ���BergmanØ
¼ê�":¯K,=�o�ÿuÛ��´ºé��,�o^�eØ´º
é����.

• ~X�CÐ¤±|^BergmanØ¼ê�wL�ªy²
YI(1, 1, 1; K)´

ºé��, l
�âBergmanØ¼ê3V�XNìe�C�5Æ
ÚBedfordÚPinchuk���½n[72], �y²
eD ⊂ C2 ´äk¢

)Û>.�[à�,
�Ù�XgÓ�+Ø;�,KD�½´ºé��.
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• dþ¡�½Â��,uÛ�(�´Ð¤±�ï��¥�����,�Ò
´`Ù{��Ñ´uÛ�(��AÏ�¹.

• 3uÛ�(��½Â¥��D ∈ RH,�Ò´`D ´é¡;.�.y3
JÑ��ÿ�)û�¯Kµ

• Open Problem 1: uuuÛÛÛ���(((������½½½ÂÂÂ¥¥¥������D´́́???¿¿¿���kkk...���ééé¡¡¡ààà

555������,���AAA���������BergmanØØØ¼¼¼êêêUUUÄÄÄ¦¦¦ÑÑÑÙÙÙwwwLLL���ªªª?
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5 uÛ���²;Ýþ��d

• Cn¥ k . �D þ � ² ; Ý þ ´ �BergmanÝ þ,
KobayashiÝ þ, CarathéodoryÝ þ ÚEinstein-KählerÝ þ. © O

^ωB(D), ωC(D), ωK(D), ωEK(D)L«. ïÄ§��m�'X´�
�­��¯K.�C4�¸, �¡¸, £¤ÐïÄ
Teichmüller�mÚ
��m�²;Ýþ��d¯K[30-32],y²
3ùü��m¥�o�
²;Ýþ´�d�, AO´y²
BergmanÝþÚEinstein-KählerÝþ
3ùü��mþ´�d�£¤Ðß�.

• Ð¤±¦�ïÄ
²;Ýþ3uÛ��þ��d¯K. y²

BergmanÝþÚEinstein-KählerÝþ3Cartan-Hartogs�´�d�,

• E,±1�aCartan-Hartogs�YI(N, m, n; K) := YI�~?1�ã. Ù
Ì�g�Ú�{´: ÄkÚ?
�«#�ØC��Ýþ,y²ù
Ýþ
�YI�BergmanÝþ�d; ,�y²ù
#���Ýþ�Ricci­ÇÚ
�X�­ÇÑkK�þe.,l
|^£¤Ð�SchwarzÚn[33, 34]y
²ù
#���Ýþ�Einstein-KählerÝþ�d,ù�/Ïu#���
Ýþ�LÞÒ��BergmanÝþÚEinstein-KählerÝþ´�d�y².
ù
g�Ú�{´l©z[30-32]��é&
¼��.
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• 5.1. YI���###ØØØCCC������ÝÝÝþþþ

�(Z,W ) ∈ YI ,rZ = (zij)¥���zijU1�þ�gSü¤��ä

kmn�����þZ1,=

Z1 = (z1, z2, . . . , zmn) = (z11, z12, . . . , z1n, . . . , zm1, zm2, . . . , zmn),

rW���ü�(w1, w2, . . . , wN)-

Z2 = (zmn+1, zmn+2, . . . , zmn+N) = (w1, w2, . . . , wN),

KYI¥�:(Z,W )�±L«¤äkmn + N�����þ

z = (Z1, Z2) = (z1, z2, . . . , zmn, zmn+1, zmn+2, . . . , zmn+N).

-

Gλ = Gλ(Z,W ) = Y λ[det(I − ZZ
t
)]−(m+n+N

K ), λ > 0.

·��y²d§U)¤#�Ýþ,Ù'�´�y²d§)¤��


TλI(Z,W ; Z, W ) =

(
∂2 log Gλ

∂zi∂zj

)
´½��,Ù¥Y = (1−X)−1, X = |W |2[det(I − ZZ

t
)]−

1
K .
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��½�5�y²¿ØN´. ·���{´r§E�ÜC��é��/
ª. �f ∈ Aut(YI),¿-Z0 = ZKk

TλI(Z,W ; Z, W ) = Jf |Z0=ZTλI(0, W
∗; 0, W ∗)J

t
f |Z0=Z,

Ù¥Jf´C�f�JacobianÝ
.
²O�,k

TλI(0, W
∗; 0, W ∗) =

(
( λ
KY X + m + n + N

K )I 0

0 λY I + λY 2W ∗tW ∗

)
.

ù�ÒN´y²TλI(Z,W ; Z, W ) > 0. 2(ÜGλ�L�ª,��dGλ)¤

�Ýþ´�YI�ØCKählerÝþ, r§P�ωGλ
(YI). ÙêþëY�6uλ,

�këYÚ@oõ.
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• 5.2. YI���###ÝÝÝþþþ���BergmanÝÝÝþþþ���ddd

½ÂµCn¥��Ω�ü�ÝþB ÚE�d, ´��3ü��~êa

Úb(�a ≤ b)¦�e�Ø�ª¤á:

a ≤ B
E
≤ b.

YI�BergmanØ¼ê�(2.14),§)¤�BergmanÝþP�ωB(YI),K

(ωB(YI))
2 = dzJf |Z0=Z

(
[ 1
KM ′X + m + n + N

K ]I 0

0 M ′I + M ′′W ∗tW ∗

)
Jf

t|Z0=Zdz
t
.

dþ!��

(ωGλ
(YI))

2 = dzJf |Z0=Z

(
[ 1
KλY X + m + n + N

K ]I 0

0 λY I + λY 2W ∗tW ∗

)
Jf

t|Z0=Zdz
t
.

rdzJf |Z0=ZL«�(dz̃, d=),
dz̃Úd=©O�1×mnÚ1×NÝ
,K
(ωGλ

(YI))
2 = (λY X

K + m + n + N
K )|dz̃|2 + d=(λY I + λY 2W ∗tW ∗)d=t

,

(ωB(YI))
2 = ( 1

KM ′X + m + n + N
K )|dz̃|2 + d=(M ′I + M ′′W ∗tW ∗)d=t

.

Ù¥

M ′ =
dG(Y )

dX
, M ′′ =

d2G(Y )

dX2 .


G(Y )Ò´(2.14)¥�G(Y ).
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• d[35]���þW ∗ = (w∗
1, w

∗
2, · · · , w∗

N)UL«�

W ∗ = eiθ(µ, 0, · · · , 0)U, µ > 0, =⇒ W ∗W
∗

= µ2 = X.

ùpU �N�j�
,Ï


M ′I(N) + M ′′W
∗t
W ∗ = U

t

(
M ′ + M ′′X 0

0 M ′I(N−1)

)
U,

λY I(N) + λY 2W ∗tW ∗ = U
t

(
λY + λY 2X 0

0 λY I(N−1)

)
U > 0.

-d=U
t
= (dv, dW̃ ),
dvÚdW̃©O�1× 1Ú1× (N − 1)Ý
,Kk:

(ωGλ
(YI))

2 = (λY X
K + m + n + N

K )|dz̃|2 + (λY + λY 2X)|dv|2 + λY |dW̃ |2,
(ωB(YI))

2 = ( 1
KM ′X + m + n + N

K )|dz̃|2 + (M ′ + M ′′X)|dv|2 + M ′|dW̃ |2.

duTλI(Z,W ; Z, W )ÚTBI(Z,W ; Z, W )Ñ´½�Ý
,ùL²

1

K
M ′X + m + n +

N

K
> 0, M ′ + M ′′µ2 > 0, M ′ > 0, Y > 0.
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• -

Φ(X) =
1
KM ′X + m + n + N

K
λY X

K + m + n + N
K

, Ψ(X) =
M ′ + M ′′µ2

λY + λY 2µ2 , Υ(X) =
M ′

λY
,

KΦ(X), Ψ(X)ÚΥ(X)Ñ´3«m[0, 1)þëY�X���¼ê, bX
4�

lim
X→1

Φ(X), lim
X→1

Ψ(X), lim
X→1

Υ(X)

Ñ�3
�Ñ´�ê,KΦ(X), Ψ(X), Υ(X)3«m[0, 1)þÑk���

��Ú���.

²O�´�

lim
X→1

Φ(X) = lim
Y→∞

Φ(X) =
mn + N + 1

λ
.

lim
X→1

Ψ(X) = lim
Y→∞

Ψ(X) =
mn + N + 1

λ
.

±9

lim
X→1

Υ(X) = lim
Y→∞

Υ(X) =
mn + N + 1

λ
.

Ïd�3�~êν, δ, ζ, η, ρÚ%¦�

0 < ν 6 Φ(X) 6 δ, 0 < ζ 6 Ψ(X) 6 η, 0 < ρ 6 Υ(X) 6 %.
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• -a2 = max{δ, η, %}Úb2 = min{ν, ζ, ρ},Kk0 < b 6 ωB(YI)
ωGλ

(YI)
6 a.ù�

Òy²


• ½nµYI�BergmanÝþÚÚ?�#Ýþ�d,=ωB(YI) ∼ ωGλ
(YI).

• duBergmanÝþωB(YI)´���([36]), Ïd#ÝþωGλ
(YI)�´��

�.

• ^Ó��g�Ú�{, éYII(N, p; K), YIII(N, q; K), YIV (N, n; K)©O

Ú?eã¼ê

Gλ = Y λ[det(I − ZZ
t
)]−(p+1+N

K ), λ > 0;

(Y = (1−X)−1, X = |W |2[det(I − ZZ
t
)]−

1
K , (Z,W ) ∈ YII)

Gλ = Y λ[det(I − ZZ
t
)]−(q−1+N

K ), λ > 0;

(Y = (1−X)−1, X = |W |2[det(I − ZZ
t
)]−

1
K , (Z,W ) ∈ YIII)

Gλ = Y λβ(Z,Z)−(n+N
K ), λ > 0;

(Y = (1−X)−1, X = |W |2[β(Z,Z)]−
1
K , β(Z,Z) = 1+|ZZt|2−2ZZ

t
, (Z,W ) ∈ YIV )

Kù
¼ê©O)¤YII(N, p; K), YIII(N, q; K), YIV (N, n; K)�ØC�

�Ýþ,¿©O�duù
��BergmanÝþ.
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• 5.3. YI���###ØØØCCC������ÝÝÝþþþ���Ricci­­­ÇÇÇ

·��y²�YI3#���ØCÝþe�Ricci­ÇkK�þe..
YI�ØCÝþωGλ

(YI)�Ricci­ÇRicλIU½Âk

RicλI = −
dz(∂2 log[det TλI(Z,W ;Z,W )]

∂zi∂zj
)dz

t

dzTλI(Z,W ; Z, W )dz
t .

-

GI(X) =

(
λY

K
+ m + n +

N − λ

K

)mn

λNY N+1,

²O�k

det TλI(Z,W ; Z, W ) = GI(X)[det(I − ZZ
t
)]−(m+n+N

K ).

dz

(
∂2 log[det TλI(Z,W ; Z, W )]

∂zi∂zj

)
dz

t
:= (ωdet(YI))

2

= dzJf |Z0=Z

(
[ 1
KM ′

IX + m + n + N
K ]I 0

0 M ′
II + M ′′

I W ∗tW ∗

)
Jf

t|Z0=Zdz
t
.

ùp

log GI(X) = MI ,
∂ log GI(X)

∂X
= M ′

I ,
∂2 log GI(X)

∂X2 = M ′′
I .
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�±y² (
∂2 log[det TλI(Z,W ; Z, W )]

∂zi∂zj

)
> 0.

rdzJf |Z0=ZL«�(dz̃, d=),��

(ωGλ
(YI))

2 = (λY X
K + m + n + N

K )|dz̃|2 + (λY + λY 2µ2)|dv|2 + λY |dW̃ |2,
(ωdet(YI))

2 = ( 1
KM ′

IX + m + n + N
K )|dz̃|2 + (M ′

I + M ′′
I µ2)|dv|2 + M ′

I |dW̃ |2.

duTλI(Z,W ; Z, W )Ú(∂2 log[det TλI(Z,W ;Z,W )]
∂zi∂zj

)Ñ´½�Ý
,ùL²

1

K
M ′

IX + m + n +
N

K
> 0, M ′

I + M ′′
I µ2 > 0, M ′

I > 0, Y > 0.

-

ΦI(X) =
1
KM ′

IX + m + n + N
K

λY X
K + m + n + N

K

, ΨI(X) =
M ′

I + M ′′
I µ2

λY + λY 2µ2 , ΥI(X) =
M ′

I

λY
,

KΦI(X), ΨI(X)ÚΥI(X)Ñ´3«m[0, 1)þëY�X���¼ê,bX4
�

lim
X→1

ΦI(X), lim
X→1

ΨI(X), lim
X→1

ΥI(X)

Ñ�3
�Ñ´�ê, KΦI(X), ΨI(X), ΥI(X)3«m[0, 1)þÑk���

��Ú���.
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N´�Ñ�X ª�u1�, ΦI(X), ΨI(X)ÚΥI(X)�4�:

lim
X→1

ΦI(X) = lim
Y→∞

ΦI(X) =
mn + N + 1

λ
,

lim
X→1

ΨI(X) = lim
Y→∞

ΨI(X) =
mn + N + 1

λ
,

lim
X→1

ΥI(X) = lim
Y→∞

ΥI(X) =
mn + N + 1

λ
.

Ïd�3�~êν, δ, ζ, η, ρÚ%¦�

0 < ν 6 Φ(X) 6 δ, 0 < ζ 6 Ψ(X) 6 η, 0 < ρ 6 Υ(X) 6 %.

-a2 = max{δ, η, %}Úb2 = min{ν, ζ, ρ},Kk

0 < b 6
ωdet(YI)

ωGλ
(YI)

6 a.

�dy²
eã½n.
½nµYI�Ýþωλ(YI)�Ricci­ÇkK�þe.,=

−a 6 RicλI = −ωdet(YI)

ωGλ
(YI)

6 −b.

éÙ{�Cartan-Hartogs��kaq�(J.
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• 5.4. YI ###ØØØCCC������ÝÝÝþþþ������XXX���­­­ÇÇÇ

·��y²�YI3#��ØCÝþe��X�­ÇkK�þe..
YI�ØCÝþωGλ

(YI)��X�­ÇωλI(z, dz)U½Âk

ωλI(z, dz) =
dz(−ddT + dTT−1dT

t
)dz

t

(dzTdz
t
)2

,

ùp�T = TλI(Z,W ; Z, W ), �X�­Ç3�XgÓ�C�e´ØC

�§é?¿(Z,W ) ∈ YI§�3f ∈ Aut(YI)§¦�f(Z,W ) = (0, W ∗).
¤±§�LO�ωλI(z, dz)3(0, W ∗):��=�. ��B, e¡�O�¥
±W�W ∗. ¿��Z∗ = 0�,k|W ∗|2 = X.

-

ωλI(z, dz)|Z=0 =
Ω1

Ω2
.

²LE,�O���

Ω1 = P1|WdW
t|4 + P12|WdW

t|2|dW |2 + P2|dW |4 + Q1|dW |2|dZ1|2

+Q2|WdW
t|2|dZ1|2 + R|dZ1|4 − 2K−1(λY + M1)tr(dZdZ

t
dZdZ

t
),

±9

Ω2 = [K−1(λY + M1)|dZ1|2 + λY |dW |2 + λY 2|WdW
t|2)]2.
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Ù¥

P1 = 1
M ′ [M

′′′(XM ′′′ + 4M ′′)− (XM ′′ + M ′)−1M ′′(XM ′′′ + 2M ′′)2]−M (4)

= −2λY 4, P12 = 4[(M ′′)2(M ′)−1 −M ′′′] = −4λY 3,

P2 = −2M ′′ = −2λY 2, Q1 = − 4
K (XM ′′ + M ′) = −4λY 2

K ,

Q2 = 4[ 1
K2(XM ′′ + M ′)2( 1

KM ′X + m + n + N
K )−1 − 1

K (XM ′′′ + 2M ′′)]

= 4
Kλ2Y 4(λY + M1)

−1 − 8
KλY 3,

R = − 2
K2(XM ′′ + M ′)X = − 2

K2λ(Y 2 − Y ).

Ù¥

M = log Y λ,
dM

dX
= M ′ = λY,

d2M

dX2 = M ′′ = λY 2.

M ′′′ = 2λY 3, M (4) = 6λY 4, M1 = (m + n)K + N − λ.

http://192.9.200.1


Institute of 
Structural
Mechanics

ºé�ß��{¤£�

BergmanØ¼ê9º . . .

ºé�¯K�ïÄV¹

1�aCartan- . . .

�¯Ì�

I K �

JJ II

J I

1 40�� 72�

� £

�¶w«

' 4

ò Ñ

• 5.4.1. �X�­Ç�e.��O

rΩ1�Ω2¥�Óa��Xê�'Ö��¼ê,Kk:

Φ1 =
P1

λ2Y 4 = −2

λ
, Φ2 =

P12

2λ2Y 3 = −2

λ
, Φ3 =

P2

λ2Y 2 = −2

λ
,

Φ4 =
Q1

2K−1λY (λY + M1)
= − 2Y

λY + M1
, Φ5 =

Q2

2K−1(λY + M1)λY 2 ,


-

Φ6 =
R|dZ1|4 − 2K−1(λY + M1)tr(dZdZ

t
dZdZ

t
)

K−2(λY + M1)2|dZ1|4
.

du

Φ5 = −2Y (λY + 2M1)

(λY + M1)2 > −2Y [λY + 2(m + n)K + 2N ]

(λY + M1)2 := Φ51.

Φ6 >
R|dZ1|4 − 2K−1(λY + M1)|dZ1|4

K−2(λY + M1)2|dZ1|4
=
−2λ(Y 2 − Y )− 2K(λY + M1)

(λY + M1)2 := Φ61.

duΦ1, Φ2, Φ3, Φ4, Φ51, Φ61´CþY3«m[1,∞)��K��ëY¼ê,

�´��Y →∞�,�3K�4�,
�Ñ´−2

λ . Ïd§�����(K
�¤Ñ�3. �Ù¥����P�−a. K´�ωλI(z, dz)|Z=0 > −a.=�X

�­ÇkK�e..
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• 5.4.2. �X�­Ç�þ.��O

�X�­Ç�L�ªU��ωλI(z, dz)|Z=0 = −C + Ω3

Ω4
, C > 0.Ù¥

Ω3 = P ∗
1 |WdW

t|4 + P ∗
12|WdW

t|2|dW |2 + P ∗
2 |dW |4 + Q∗

1|dW |2|dZ1|2

+Q∗
2|WdW

t|2|dZ1|2 + R∗|dZ1|4 − 2K−1(λY + M1)tr(dZdZ
t
dZdZ

t
),

Ω4 = [K−1(λY + M1)|dZ1|2 + λY |dW |2 + λY 2|WdW
t|2)]2,

P ∗
1 = P1 + Cλ2Y 4 = −λY 4(2− Cλ),

P ∗
12 = P12+2Cλ2Y 3 = −2λY 3(2−Cλ), P ∗

2 = P2+Cλ2Y 2 = −λY 2(2−Cλ),

Q∗
1 = Q1 + 2CK−1λY (λY + M1) = −4K−1λY 2 + 2CK−1λY (λY + M1),

Q∗
2 = 4K−1λ2Y 4(λY + M1)

−1 − 8K−1λY 3 + 2CK−1λY 2(λY + M1),

R∗ = R + CK−2(λY + M1)
2 = −2λK−2(Y 2 − Y ) + CK−2(λY + M1)

2.

e

P ∗
1 6 0, P ∗

12 6 0, P ∗
2 6 0, Q∗

1|dW |2|dZ1|2 + Q∗
2|WdW

t|2|dZ1|2 6 0,

R∗|dZ1|4 − 2K−1(λY + M1)tr(dZdZ
t
dZdZ

t
) 6 0,

K

ωλI(z, dz)|Z=0 6 −C.
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´�,eC 6 2
λ ,KP ∗

1 6 0, P ∗
12 6 0, P ∗

2 6 0.

Ï�|WdW t|2 6 |W |2|dW |2 = X|dW |2 = (1 − Y −1)|dW |2, Ó�eC 6
2Y

λ+M1
:= Φ42KQ∗

1 6 0,ù�Òk

Q∗
1|dW |2|dZ1|2 + Q∗

2|WdW
t|2|dZ1|2 6 (Q∗

1X
−1 + Q∗

2)|WdW
t|2|dZ1|2

dO�,k

Q∗
1X

−1 + Q∗
2 =

2CλY 3(λY + M1)

K(Y − 1)
− 4λY 3[λ(Y − 1)2 + (M1 + λ)(2Y − 1)]

K(Y − 1)(λY + M1)
.

Ïde

C 6
2[λ(Y − 1)2 + (M1 + λ)(2Y − 1)]

(λY + M1)2 := Φ52,

±9

C 6
2Y

λ + M1
:= Φ42,

K

Q∗
1|dW |2|dZ1|2 + Q∗

2|WdW
t|2|dZ1|2 6 0.

ùpM1 = (m + n)K + N − λ,du

R∗|dZ1|4 −
2(λY + M1)tr(dZdZ

t
dZdZ

t
)

K
6 R∗|dZ1|4 −

2(λY + M1)

mK
|dZ1|4.
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dO�,e

C 6
2[λY 2 + Km−1(λY + M1)]

(λY + M1)2 := Φ62,

K

R∗|dZ1|4 − 2K−1(λY + M1)tr(dZdZ
t
dZdZ

t
) 6 0.

duΦ42, Φ52, Φ62Ñ´CþY�3«m[1,∞)ëY���¼ê. ´��Y →
∞�, Φ42, Φ52, Φ62 �4�Ñ�3
�Ñ�u

2
λ . ù�Φ42, Φ52, Φ62 3[1,∞)

Ñ©Ok�����.-b´§�¥�����.KeC 6 bÒk

Q∗
1|dW |2|dZ1|2 + Q∗

2|WdW
t|2|dZ1|2 6 0,

R∗|dZ1|4 − 2K−1(λY + M1)tr(dZdZ
t
dZdZ

t
) 6 0.

dþãQã,���3C 6 min{b, 2
λ},±9C > 0¦�

ωλI(z, dz) 6 −C.

ù�B��

• ½n: �3=�YI , λ k'��~êa, C, ¦�YI3ÝþωGλ
(YI)e��

X�­ÇωλI(z, dz)÷v−a 6 ωλI(z, dz) 6 −C.

éÙ{�Cartan-Hartogs��kaq�½n.
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• 5.5. YI ���BergmanÝÝÝþþþ���Einstein-KählerÝÝÝþþþ���ddd

¡®²y²
1�aCartan-Hartogs��#���Ýþ�BergmanÝþ�
d, du#���Ýþ�Ricci­ÇÚ�X�­ÇÑkK�þe., Ò�
±|^£¤Ð�SchwarzÚny²§��Einstein-KählerÝþ�d. l
,
YI�BergmanÝþ�Einstein-KählerÝþ�dù�¯¢Ò��
y².

• £¤Ð�SchwarzÚn[34, 33,p.117]: �f : (Mm, g) → (Nn, h)

´Kähler6/m��XN�, d?M ´���
�ÙRicci­Ç´�
��§=Ric(g) > −cg, c > 0.

(1)eN��X�­ÇkK�þ.,Kf ∗h 6 cg,ùpc´�~ê.

(2)em = n
�N�Ricci­Ç�3K�þ.,Kf ∗ωn
h 6 cωn

g ,d?c´

�~ê.

Ù¥, (2)¥�ωn
h Úωn

g ©O�ÝþhÚgeNÚM�NÈ��.
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�ÄðÓN�

id : (YI , ωEK(YI)) → (YI , ωGλ
(YI)),

duωGλ
(YI)��X�­ÇkK�þ.,Kdþã�SchwarzÚn�(1)��

ωGλ
(YI) 6 C1ωEK(YI).

ùpC1´�~ê. 2�ÄðÓN�

id : (YI , ωGλ
(YI)) → (YI , ωEK(YI)),

duωGλ
(YI)�Ricci­ÇkK�e.,KdþãSchwarzÚn(2)��

ωmn+N
EK (YI) 6 C0ω

mn+N
Gλ

(YI),

ùpC0´�~ê. ù´NÈ���m�Ø�ª,Ïdí�Ù�A�Ýþ�

�1�ªk

det[TEKI(Z,W ; Z, W )] 6 C0 det[TλI(Z,W ; Z, W )].


ù
Ýþ�
Ñ´½��,=TλI(Z,W ; Z, W ) > 0, TEKI(Z,W ; Z, W ) >

0. deã·K��
ωEK(YI) 6 C2ωGλ

(YI).
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·K: �AÚBÑ´N��½�Hermitian�
, 
��3�~êα, β¦

�B > αA, det B 6 β det A ¤á. K�3=�6uα, β, N�γ¦�

kB 6 γA.

ù·KN´^�5�ê�{y². dþãü�ÝþØ�ª,Òy²
Xe
½n.
½n: YI�BergmanÝþÚEinstein-KählerÝþ�d.
éÙ{�Cartan-Hartogs�,��3aq�½n.
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eYI� à �, K k([37,38])ωC(YI) = ωK(YI), 2 d þ ã ¯ ¢, K
kωB(YI), ωC(YI), ωK(YI), ωEK(YI), ωGλ

(YI)*d�d. �{W�Cy
²YI(1, m, n; K)�à��¿�^�´2K ≥ m.
duωGλ

(YI)��X�­Ç�3K�þ.,Ïdd[39, 40, p.136],k

ωGλ
(YI) 6 βωK(YI),

l
k

ωB(YI) 6 β1ωK(YI)

±9

ωEK(YI) 6 β2ωK(YI).

duok([41,42])ωC(YI) 6 2ωB(YI),Ï


ωC(YI) 6 β3ωEK(YI).

ùpβ, β1, β2, β3Ñ´�~ê.
þã¯¢éÙ{�Cartan-Hartogs��¤á.

• Open Problem 2: éééuuu���������uuuÛÛÛ���������BergmanÝÝÝþþþ ´́́ÄÄÄ���ddd
uuuEinstein-KählerÝÝÝþþþ?

http://192.9.200.1


Institute of 
Structural
Mechanics

ºé�ß��{¤£�

BergmanØ¼ê9º . . .

ºé�¯K�ïÄV¹

1�aCartan- . . .

�¯Ì�

I K �

JJ II

J I

1 48�� 72�

� £

�¶w«

' 4

ò Ñ

6 uÛ���'�½n

Ð¤±, �S�éCartan-Hartogs���
BergmanÝþÚKobayashiÝþ
�'�½n[43-46]. �53¦�'u¦)Cartan-Hartogs��Einstein-
KählerÝþ�wL�ª�Ø©¥, �U
��'uEinstein-KählerÝþ
ÚKobayashiÝþ�'�½n[45-49]. ù
'�½n¢SþÒáuþ
�!�²;Ýþ��d��Æ. 3Ø©[43-46]�¥, '�Ü©´I
�éBergmanÝþ��X�­Ç´ÄkK�þ.?1�O. 
3[45-
49]'uEinstein-KählerÝþÚKobayashiÝþ�'�½n'��?´�y
²Einstein-KählerÝþ��X�­ÇäkK�þ.. 
�Ñ´3BergmanÝ
þÚEinstein-KählerÝþ�wL�ª¦Ñ5��¹e?1�. k
þ
�!�(J, éuÓ�(J�y²Ø�{ü
��±Ø�¦äN¦
ÑEinstein-KählerÝþ�wL�ª, ùÒ�?
�Ú. þ¡J�BergmanÝ
þ´1922cdS.BergmanÚ?�[26], r§P�B. Carathéodory 31926c
Ú?
��ØCål[52], Reiffen 31963cÚ?
��ØCÝþ[53],
y3¡��CarathéodoryÝþ, P�C, �¡�Carathéodory-Reiffen Ýþ.
KobayashiÝþ´dKobayashi31967cRoyden31970cÚ?�[54,55], P
��K. �âH.Wu�Ø©[56],þã²;Ýþ�mkXe'X.
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• Äk3ü �¥BnþéÙþ�?Û��þVk√
E(V,V) =

√
B(V,V) =

√
n + 1C(V) =

√
n + 1K(V)

• (i) B ÚC :éCn¥���k.�okC ≤ ∈B.ù�Ø�ªÛ¹3ºé

�1958c�©Ù[41]¥,²w�Ú{z�y²K31978c�K.T.Hahn©
Ù[42]¥.

• (ii) B Úd K : vk(½�'X. <�F"éCn¥�k.�¤á'X

ªB ≤ αK ùpα´~ê. DiederichÚFornæssÞÑ�~,3C3 �3k

.[à�¦�B/K´Ã.�[43].

• (iii) B ÚE : éCn¥�?Ûk.à5�kB = E¤á. ù´d
uB�Ricci­Ço�u-1 [58].

• (iv) C and K: 3¤k6/þkC ≤ K¤á[59]. �éuCn¥�à�o

kC = K[38]. du¤ké¡k.�3Cn¥�3k.�¢y,ùÒÛ¹

ék.é¡�kC = K¤á. ù�¯¢�@�®d©z[60]���Ñ.

• Ø
þã'X	,�8¿Ã��5�'X¤á.
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• eCn¥�k.�D�BergmanÝþ��X�­Ç�3K�þ., Kd
©z[39,40]��kØ�ª”BD ≤ cKD”¤á. ù«Ø�ª¤áÒ¡�
�Dþ�BergmanÝþÚKobayashiÝþ�'�½n¤á.

• lþã(ii)��Ø�ªBΩ ≤ cKΩ Ø´o¤á�. Ïd@
�¤
áBergmanÝþÚKobayashiÝþ�'�½nÒw��©k¿Â.

• Ø
ék.à5�Úr[à�¤áBegmanÝþÚKobayashiÝþ
�'�½n	, K.T.HahnÚP.Pflugy²ù«'�½né2��2Â
�Thullen��¤á[61],

• Ð¤±y²ù«'�½néü«[à�(�¹
f[à���¹)�¤
á[62,63].

• éuCartan-Hartogs�, ù«'�½n��y²´�(�[43-46]. ±1
�aCartan-Hartogs��~, Ùþ�BergmanÝþÚKobayashiÝþ�'
�½n���Qã�:

½½½nnn. eBYI
ÚEYI

©OL«YI�BergmanÝþÚKobayashiÝþ,K�
3�~êC∗¦�é¤k((w, Z), ξ) ∈ YI × CN+mnk

BYI
((w, Z), ξ) ≤ C∗EYI

((w, Z), ξ).
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• ù«'�½n�y²´ÄuXe�Ä�½n.

ÄÄÄ���½½½nnn. -β L«3KobayashiÝþKe�V­Banach6/D�Finsler
Ýþ, eβ ��X�­Ç�3K�þ.−c2, c ∈ R+, Ké¤k(p, v) ∈
T (D)k

β(p, v) ≤ 2

c
KD.

• duù�Ä�½n,éþã'�½n�y²8(�éYI�BergmanÝþ
��X�­Ç´ÄkK�þ.��O.��
ó,ù«�O´�~E,
�,E,�J±?1. ~X3E�ê�2��¹eÒéE,[64,65].

• ± �Ñù�(J��{´Ð¤±JÑ�LÞÝþ��{. =�E�
����Ø�uBergmanÝþ�KählerÝþ��LÞÝþ,¦�ù�L
ÞÝþ��X�­Ç´uO��kK�þ.. ù�dÄ�½n,ù�L
ÞÝþÒ�u�uKobayashiÝþ¦±,���~ê, l
BergmanÝ
þ��u�uKobayashiÝþ¦±,���~ê.

• y3éuCartan-Hartogs�
ó,duþ!®²y²
¤Ú?�#��
�Ýþ�duBergmanÝþ,
�y²
3#Ú?�Ýþe��X�­
Ç�3K�þe.,ù�,�y²BergmanÝþÚKobayashiÝþ�'�
½nÒéN´
. d�duBergmanÝþ�duEinstein-KählerÝþ,Ï
d�y²Cartan-Hartogs�þ�Einstein-KählerÝþÚKobayashiÝþ�
'�½n�ÒéN´
.
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© O ^ωB(YI), ωC(YI), ωK(YI), ωEK(YI)L «YI þ �BergmanÝ þ,
CarathéodoryÝþ, KobayashiÝþÚEinstein-KählerÝþ. YI�#�Ø

C��KählerÝþd5.1.��§´ωGλ
(YI). duωGλ

(YI)´FinslerÝþ,®²
35.4.y²
§��X�­ÇkK�þ.,Ïd

ωGλ
(YI) ≤ C1ωK(YI),


duωGλ
(YI)ÚωB(YI)�d,Ïdk

ωB(YI) ≤ C2ωK(YI).


duωEK(YI)ÚωB(YI)�d,Ïdqk

ωEK(YI) ≤ C3ωK(YI).

�öÒ´Einstein-KählerÝþÚKobayashiÝþ�'�½n, ù½n�y²
ÒØ^äN¦ÑEinstein-KählerÝþ�L�ª±9éÙ�X�­Ç�´Ä
kK�þ.��O
. |^H.Wu¤Qã�²;Ýþ�m�'X,��±�
�ù
Ýþ�m�Ù¦�Ø�ª,ùpØKã.
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• 3©Ù[30]¥JÑ
�Xà5�K6/(holomorphic homogeneous reg-
ular manifolds)�Vg.

½½½ÂÂÂ: n��E6/X¡��Xà5�K6/, XJ�3ü��êr <

R,¦�éz��:p ∈ X ,é��÷vXe^���XN�fp :→ Cnµ

1) fp(p) = 0;

2)fp : X → fp(X)´V�X�;

3)Br ⊂ fp(x) ⊂ BR,ùpBr �BR´Cn¥±�:�¥%�î¼�¥.

• © Ù[30]Ó � y ² 
 � X à 5 � K 6 / þ �BergmanÝ þ,
CarathéodoryÝþ, KobayashiÝþÑ´*d�d�. bXCartan-
Hartogs�´�Xà5�K6/, @oCartan-Hartogs�þ�²;Ýþ
ÒÑ*d�d. ÏdkXe�

• Open Problem 3: Cartan-Hartogs�´Ä��Xà5�K6/º
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7 uÛ���Einstein-KählerÝþ�wª
• éEinstein-KählerÝþ�ïÄ´ISêÆ.�9�ïÄ+�. Cheng-

YauÚMok-Yauy²
?Ûk.[à��3�����Einstein-
KählerÝþ¦�ÙRicci­Ç�u-1 [66,67]. �´Ùy²´pÝ��
�E5�,Ï
Ø
à5�	��Ñ§�wª4�(J.

• éuCn¥�D���Einstein-KählerÝþeL�

ED(z) :=
∑ ∂2g

∂zi∂zj
dzidzj,

Kg´EMonge-Ampère�§Xe>�¯K���): det

(
∂2g

∂zi∂zj

)
= e(n+1)g z ∈ D,

g = ∞ z ∈ ∂D,

Ù¥�g ¡�Einstein-KählerÝþ�)¤¼ê. �é�D�Einstein-
KählerÝþ�wL�ªÒ´�éÙ)¤¼êg�wL�ª. �D�Cn¥

�k.[à��,£¤Ð¦�¢Sþy²
þãEMonge-Ampère�§
�>�¯K�)´�3Ú���.
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• ¤¢Einstein-KählerÝþ�wL�ªÒ´�rþã>�¯K�)�w
ª¦Ñ5. l¯ïÄ �©�§�ÆöÑ��,EMonge-Ampère�§
´pÝ��5 �©�§,=ù´�Ñ§���A)Ñ´�~(J�.
�wª��§�þã>�¯K���)�,Ò4Ù(J
,<���
¿Ø�"U¦Ñ§5.

• �´éõ�õECÚEAÛ�;[@��ÑÙwL�ª´ék¿Â
�,Ï�ù�éïÄ��>.ØCþÚìC5�ék�Ï.

• Bland[68]ïÄ
�.�{|z|2 + |w|2p < 1}�Einstein-KählerÝþ, vk
é�ÙwL�ª,==é��¹§�Û¼ê.

• � S 3 Ð ¤ ± � � � e, ¦ Ñ 
 1 � aCartan-
Hartogs�YI(1, m, n; K)�K = mn+1

m+n ,m 6= 1����Einstein-KählerÝ
þ�wL�ª[47,50].

• Ù�,Ù{�Cartan-Hartogs����Einstein-KählerÝþ�wL�ª�
ºYé�[48,49,51].

• ù´1�g3�à5�þ�Ñ���Einstein-KählerÝþwª�~f.
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• ¦���{´ÄkrþãEMonge-Ampère�§z�±X�Cþ�~

�©�§:
XYN−1 dY

dX
= YN+1 − λ− 1

N
YN +

(λ−N − 1)λN

N (N + 1)N+1

Y(0) =
λ

N + 1

• e
g =

1

N + 1
log[(

Y
K

)N−1 dY
dX

det(I − ZZ
t
)−(m+n+ 1

K )]

¥�Y´þã�§�), KgÒ´Monge-Ampère �§�). 3ù
pY´X�¼ê, 
X = |w|2[det(I − ZZ

t
)]−

1
K 3Aut(YI)eØC, N =

mn + 1, λ = K(m + n) + 1.

• �K = mn+1
m+n ,m 6= 1�, λ = m + n + 2 = N + 1.þã~�©�§�§z

� {
X dY

dX = Y2 − Y
Y(0) = 1

�)ÑY = 1
1−C∗X§Ù¥C∗�?¿~ê.
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• e�C∗ = 1§KY = 1
1−X := Y ,u´

g = 1
N+1log[(Y

K )N−1 dY
dXdet(I − ZZ

t
)−(m+n+ 1

K )]

= log[ 1
1−Xdet(I − ZZ

t
)−

1
K K

1−N
1+N ]

• N´y²g´EMonge-Ampère�§�),
��∀(z, w) ∈ YI , (z, w) →
∂YI , kg(z, w) → +∞. Ïdg´YI���Einstein-KählerÝþ�)¤
¼ê. ù�Ò��
YI���Einstein-KählerÝþ�wL�ª. d�
�YI(1, m, n; K)��à5�.

• ^Ó��{�±��Ù{Cartan-Hartogs����Einstein-KählerÝþ
�wL�ª.

• 1�aCartan-Hartogs�YII(1, p; K)�K = 1/(p + 1) + p/2, p > 1�,Ù
��Einstein-KählerÝþ�)¤¼ê�:

g = log[
1

1−X
det(I − ZZ

t
)−

1
K K

1−N
1+N ].

Ù¥X = X(Z,w) = |w|2[det(I − ZZ
t
)]−

1
K , N = 1

2p(p + 1) + 1.

• 1naCartan-Hartogs�YIII(1, q; K)�K = 1/(q− 1) + q/2, q > 1�,Ù
��Einstein-KählerÝþ�)¤¼ê�:

g = log[
1

1−X
det(I − ZZ

t
)−

1
K (K/2)

1−N
1+N ].
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Ù¥X = X(Z,w) = |w|2[det(I − ZZ
t
)]−

1
K , N = 1

2q(q − 1) + 1.

• 1oaCartan-Hartogs�YIV (1, n; K)�K = 1/n + 1�,Ù��Einstein-
KählerÝþ�)¤¼ê�:

g = log[
1

1−X
β(Z,Z)−

1
K (K/2)

1−N
1+N ].

Ù¥X = X(Z,w) = |w|2[β(Z,Z)]−
1
K , β(Z,Z) = 1 + ZZ

t
ZZt − 2ZZ

t
,

N = n + 1.þã�����à5�.

• ù�Ò��
�à5����Einstein-KählerÝþ�wL�ª,ù3±
 l�Ñy. ù�´�ÄM5�¤J.

• gluÛ�¦ÑCartan��BergmanÝþ�)¤¼êBergmanØ¼ê�
�,®²é�
éõÏ¦BergmanÝþ�wL�ª��{,¿/¤
�
�ïÄ��.·�F"��Ï¦BergmanØ¼ê�wL�ª@�,¦�
XÛÏ¦��Einstein-KählerÝþ�wL�ª�¤���ïÄ��.

• þ¡�Ä�oaCartan-Hartogs�k���Ó�:, Ò´W´��E

ê. bXW´��N�E�þ�, �A�oaCartan-Hartogs���
�Einstein-KählerÝþ�wL�ªU¦Ñ5í?�,�±. Ð¤±¦�
®²r�A���Einstein-KählerÝþ�wL�ª¦
Ñ5.

• �{þ�÷^þãz�~�©�§��{,�´���â®k�(J
ß���Einstein-KählerÝþ�)¤¼ê�wL�ª,,���y²�.
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• ùp±1�aCartan-Hartogs�YI(N, m, n; K)�~5`². Äk,
d(2.12)Ú(2.13)��, YI(1, m, n; K)�BergmanØ¼ê�éê�

C∗log[F (Y )det(I − ZZT )−(m+n+1/K)].F (Y ) =
mn+1∑
i=1

aiΓ(i + 1)Y i+1.

• 
Ù��Einstein-KählerÝþ�)¤¼ê�

g =
1

N + 1
log[Y N+1det(I − ZZ

t
)−(m+n+ 1

K )K1−N ].

ü�'�, eF (Y )¥��Y��p�Y mn+2, ØO�
~êÏf, Kþ
ã1�ªÚ���ª´���.

• 
d(2.14)��YI(N, m, n; K)�BergmanØ¼ê�éê�:

log[G(Y )det(I − ZZ
t
)−(m+n+N/K)].

Ù¥G(Y ) =
∑mn+1

i=0 aiΓ(N + i)Y N+i, Y = (1−X)−1, X = |W |2[det(I−
ZZ

t
)]−1/K, |W |2 =

∑N
j=1 |Wj|2.

• Ï
�±ß�YI(N, m, n; K)��Einstein-KählerÝþ�)¤¼ê�

g =
1

mn + N + 1
log[Y λdet(I − ZZ

t
)−(m+n+N/K)σ].
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• r§�\Monge-Ampère�§µ

det

(
∂2g

∂zi∂zj

)
= e(mn+N+1)g

¦�÷vd�§
r�½�~êλÚσû½�.
§ÎÜ¤�¦�>.
^�´N´y²�.

• ^ù«�{��±��oaCartan-Hartogs��W����E�þ�

���Einstein-KählerÝþ�)¤¼ê.

• ù«�{¿ØE,,�§�¢y�I��Ñ��Eâþ�(J.þª�
�à´��mn + N��1�ª, §QØ´é�/��Ø´n�/�,
Ï
�O�Ñ§����
ó´�3Eâþ�(J.

• ·�$^�
E|�y
�σ = K−mn, λ = mn+N +1=K = mn+1
m+n�,

g =
1

mn + N + 1
log[Y mn+N+1det(I − ZZ

t
)−(m+n+N/K)K−mn].

Ò´�K = mn+1
m+n�YI(N, m, n; K)���Einstein-KählerÝþ�)¤¼

ê.
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• Ó��{�±¦�Ù¦Cartan-Hartogs��W�r�E�þ���

�Einstein-KählerÝþ�)¤¼ê.

• �K = p
2 + 1

p+1�, YII(r, p; K)���Einstein-KählerÝþ)¤¼ê�:

g = 1
N+1 log[Y N+1 det(I − ZZ)−(1+p+ r

K )Kr−N ].

ùpX = |w|2[det(I − ZZ)]−1/K = (|w1|2 + |w2|2 + · · · + |wr|2) det(I −
ZZ)−

1
K , 
Y = (1−X)−1 , N = p(p + 1)/2 + r .

• �K = q
2 + 1

q−1�, YIII(r, q; K)���Einstein-KählerÝþ)¤¼ê�:

g =
1

N + 1
log[Y N+1det(I − ZZ

t
)−(q−1+ r

K )(
2

K
)N−r]

ùpX = |w|2[det(I − ZZ)]−1/K = (|w1|2 + |w2|2 + · · · + |wr|2) det(I −
ZZ)−

1
K , 
Y = (1−X)−1 , N = q(q − 1)/2 + r .

• �K = 1 + 1
n�, YIV (r, n; K)���Einstein-KählerÝþ)¤¼ê�

g =
1

n + r + 1
log[Y n+r+1β(Z,Z)−(n+ r

K )(
2

K
)n].

ùpβ(Z,Z) = 1 − 2ZZ
t
+ |ZZt|2, Y = (1 − X)−1, X = X(Z,W ) =

|W |2[β(Z,Z)]−
1
K .
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• Open Problem 4:´Ä��3Ù§�uÛ���±¦ÑÙ��Einstein-
KählerÝþ�wL�ª?

• 'uBergmanØ¼êwL�ª�ë�©z���nÜ5Ø©[69],

• k'uÛ���Ø©��±ë�Ð¤±�;Í5W���uÛ�
�6[70].

• £¤Ð@�,du2Â�éØ�,�, ä~Ricci­Ç�ÝþAO­�.
��m±5·����~f=´=
k�;�o+3Ùþ�4�^

�6/. 3é��mp,<�vk�à5Einstein6/�~f. =¦éu
�;�6/, ��Einstein-KählerÝþ�´;.�, n����õ�ï
Ä[71].

• {I\²�ÆBerkeley©�ÎõÚ�Ç@�, 3o�²;Ýþ¥,
±Einstein-KählerÝþ�O���(J[56].
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���HHHïïïÄÄÄuuuÛÛÛ������!

��� ������
Thank You!
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