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We prove a Bott-type residue formula twisted by/\ (V*) with a holomorphic
vector bundle V, and relate certain analytic torsions on the total manifold
to the analytic torsions on the zero set of a holomorphic section of'.

Introduction

Beasley and Witten2003, studying half-linear models, have described a com-
pactification on any Calabi—Yau threefoXithat is a complete intersection in a
compact toric varietyX. In particular, a remarkable cancellation involving the
instanton effectBeasley and Witten 20031.3)], involving certain determinants

of the 3-operator, was derived directly from a residue theorem. One would like to
understand its implications in mathematics, for example in Gromov—Witten theory.
Bershadsky, Cecotti, Ooguri and Vatadrshadsky et al. 1993994 predicted that

the analytic torsion of Ray—Singer will play a role regarding the genus-1 Gromov—
Witten invariant. Thus we naturally try to understand the results about analytic
torsion first.

As an application of Bismut and Lebeau 1995nd the localization formula
(1-3) in this paper, we were able to relate certain analytic torsions on the total
manifold with the zero set of a holomorphic transversal sectiou,@feneralizing
[Bismut 2004 Theorem 6.6] andqhang n.d. with V=T X therein. We expect our
formula will be useful for understandin@gasley and Witten 200381.3)] from a
mathematical point of view.

This paper is organized as follows. $ection lwe prove a Bott-type residue for-
mula. InSection 2we get a localization formula for Quillen metrics. Section 3
we get a localization formula for analytic torsions under extra conditions. In
Section 4 for the reader’s convenience, we write down six intermediate results,
corresponding toBismut and Lebeau 199Theorems 6.4-6.9].
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1. A Bott-type residue formula

In this section, along the lines oB[smut 1986 81], we give a Bott-type residue
formula(1-3)by assuming that the holomorphic section is transversal; compare to
[Beasley and Witten 20082.32), (2.34)].

Let X be a compact complex manifold with dikn=n and letV be a holomor-
phic vector bundle orX with dimV =1. We assume that the line bundles @et
and dety are holomorphically isomorphic. We fix a holomorphic isomorphism
¢ :detV* ~detT* X, which is clearly unique up to a constant. Thudefines amap
from theZ,-graded tensor produgt(T*X) ® A(V*) to A(T*X) & AMXT*X)
ATz X) ®r C. We can define the integral of an elementf Q (X, A(V*)), the
set of smooth sections @f(T*X) ® A(V*) on X, by

/a:/d)(a).
X X

Letv be a holomorphic section &f on X. Assume that vanishes on a complex
manifoldY c X. ThenVuly : TX]y — V|y mappingU to Vyv does not depend
on the choice of a connectiovi on V, andVyv|ly =0forU € TY. Let N be the
normal bundle tdr in X. Assume also théFv|y : N — V|y is injective, and there
is a holomorphic vector subbundi¢, onY such that

(1—1) Viy =V1idImVul|y.

Let PY1 and P'™ V" be the natural projections frof onto V4, and ImVu|y.
Leti(v) be the standard contraction operator acting\giv*). A natural ques-
tion, posed in Beasley and Witten 20032], is how to expresg, « using the
local data near the zero Sétof v for a (9% +i (v))-closed formy, that is, a form
satisfying(3* +i (v))a = 0.
First we recall an idea due to Bismigmut 1986; see alsoZhang 1990

Proposition 1.1.Leta € (X, A(V*)) be a(3* +i (v))-closed form Then
/ o= / e~ @ HW/ty  for anyw e Q(X, A(V¥) and t> 0.
X X
Proof. For anyw € (X, A(V*))
(1-2) / 3w = / $ (0% w) = / 3% (w) = / de (w) = 0.
X X X X
From (3X +i(v))2 =0 and(3* +i (v))e = 0, we have
i/ e—s<5X+i oy, — _/ (5x i (v))(a) e—s(5><+i (v))wa) -0,
s Jx X

and the desired equality follows. O
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Recall thatVv|y : N — Im Vu|y is an isomorphism that induces isomorphisms
of holomorphic line bundlegy = (detVuly)* : detlm Vv|y)* — detN* and
oy = ¢ly/((detVuly)*) : detV; — detT*Y. These two isomorphisms make the
integral f, along the normal bundIdl and /|, well defined.

Let hY be a Hermitian metric of/ such thatV; and ImVuv|y are orthogonal
onY. Let g’l\l be a Hermitian metric oM such thatV.vly : N — Im Vuly is an
isometry. LetRY be the curvature of the holomorphic Hermitian connectioh
on (V,hY). Letj: Y — X be the natural embedding, afy;}; the connected
components of. OnY, define

RY = —(V.o) 'PMY'RY(., [, )PY1. e T*Y ® Vi ® EndN.
RY is well defined since®'M V' RY(j,-, j«-)PY1 = 0. Thus, forU e TY, W € V4,

Ui, Us € N,
(RY(U, Wyuy, u2>glN = —(RY(uz, D)W, V,v) = (W, RY(T1, U) Vy,v).

Certainly det (1L + RY)/2ri) is 8" -closed.

The following result verifies a formula of Beasley and Whitn29Q3 (2.32),
(2.34)] and generalizes corresponding resultsZzihang 1990 [Liu 1995 and
[Bott 1967.

Theorem 1.2.For any (3% +i (v))-closed formx € (X, A(V*)),
( 1)(I n)(n— dleJ)a

(1=3) f “‘Z v, dety((1+ RY)/(—2xi))’

Proof. Set

S= (-, v)v € C¥(X, V*).
By Proposition 1.1for anyt € ]0, +o9],

(1-4) /a:/ e—zlt(ax+i(v>>sa:/ e~z @ SHvP),
X X X

Thus, ag — 0, the integralf, « is asymptotically equal tg;, e~z @St for
any neighborhooél of Y.

Takey € Y. SinceY is a complex submanifold, we can find holomorphic
coordinates(z }{'_; of a neighborhoodJ of y such thaty corresponds to 0 and
{(8/9z7) (O)}} _m41 IS an orthonormal basis @N, gl ), and, moreover,

UNY={peU, zm1(p)=---=2Zn(p) =0}.
Let {sucH_; and{uct_,.,  be holomorphic frames fdv; and ImVu|y onUNY,
with
Vi omo = k(0 forl’+1<k<l,
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and forz = (z1,...,zm), 2" = (Zms1, ..., 2Zn), Z = (Z,2"), define ux(z) by
parallel transport ofu(Z, 0) with respect tov" along the curves — (Z, uz’).
Identify V, with V(» o) by identifying u.k(2) with pk(Z', 0). Denote byWy (e) the
e-neighborhood ofy in the normal spacél. Then

as) [ [ edarsg
YNU JWy(e)
:/ / e—%(Iv(ﬁ2)\2+(5XS)(\/fZ))tn—ma(y’ Vt2).
YNU JzeWy(e/V1)

Definez=1};z;(9/9zj) andz=}; 2;(9/3z;) . The tautological vector field
isZ=2z+2z. Then, forze Ny,

1 1 1
Elv(«/fZ)lz = §|v;Vv|2+ oW1 = §|z|2+ OV
and

[
XS = Z (Mk, V.\/v>uk.
k=1
From now on, set=(0,2’) andZ=z+2. Sincevyuk(O) =0, we know that

(1-6) 57*Svi2

=20 fh Vo) (V)X (0)
k=1

|
1
== ((Mk, VY0) (0) + VT (k. VYVV0) (0)
k=1

t
+ 5 (V¥ V¥ 9Y0) + {1 VEVEV0]) 0+ O ) u(0).

Because of the factdaf'~™ in (1-5), it should be clear that in the limit, only those
monomials in the vertical form

dZmir A ADZn @ TP A A

whose weight is exactlt/" " should be kept. Now,

ad
VoV v VgV oV
VzViaz v =R (Z’ E)U + Vo VzU = Limn (1) V)70

_
VYVY g v(0) = RV (z, g)v + VYay, VY0 =0,
J
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where 1 n is the characteristic function of the intervah, n]. Note thatvV =
vVig VIMVY onY and that

(e, v;vaV/E,Zj@(O) =0 forl<j<ml<k<l.

It follows that in the expression

5 f ——= {1k, VZVI0)(0)u(0)

a nonzero contribution can only appear in the term

(1-7) <Z Z Z Z) ks V7 Vijaz, ) (0) 42 © 1k (0).

j=1k=I"+1 j=m+1lk=1
Similarly, in the last term of1-6), the only term with a nonzero contribution is

I/

1 .
220 2 (VY Ehk 9332, v) O + sk VEVE V5, 0) (0)) 02 © 1 (0).

Butfor 1< j <m, bothVy),, v(0) andva/azv\/v\/v(O) Viaz (RY(2,2)v)(0)
vanish, sinces =0 onY. Thus forl<j <m,

5
VYVYVY,, v(0) = ZRV(z a—)V\/v(O)—l—Va/aZV\/VVv(O).

By the preceding discussion, &s> 0, in (1-5), we should replacg 3% S(y, v/12)
by the 2-form

%Z (111, VY0) (0)14(0) + /T x expressior(1-7)
k=1

+ = ZZ<“'< RV(z ai)v v+ Vi Vi V30 >(0)dzJ ® u*(0).
j=1k=1

SetBy = dz;---dzm A p2(0) - - 1 (0), BN = AZmy1 - - - dzn A 1O - - 11 (0),
¢ (u(©0)---u'(0) = fdz---dz,. Then
oy (1) - " (0PN (! L) - 1 (0) = fdz - - - dz.

Thus /
d(By ABN) = (1) fdz; ... dzy Adz - --dz,

= (=D=M By )N (Bn).-

Now, observing that/. Z e?’dzdz = 0 fori > 0 and thatv¥v : (N, ) —
(Im Vv, h™Vv) is an isometry antl— 1" = n —m, we find that the limit of1-4)
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ast — 0 is the sum ovej of

|
1
1-8 -1 (I—m(n—m) ; * / = , V\/ 0 k 0
(1-8) Yj( ) jfa Nexp( Zg(ﬂk Yv)(0) 11(0)

_%( , P\/lR\/(Z, ]*)Vyl)> (0) — %|v§/v|2)'

The second integrand in this expression can be rewritten as
1 n—m . o .
exp<_§ > dzmi Ap (0 + 3 (R, jur) P, V) (0) — %|z|2)
i=1

=exp(3{(V'0 IR @ )PV 2 - 3127) (3) 7 dzinsa 0z - dzn d2n
Thus the expression if1—8)is equal to
(=p-m-—m,
v; dety ((L+ RY)/(=2xi))’
which leads tq1-3). O]

2. Localization of Quillen metrics via a transversal section

Let X be a compact complex manifold of dimensiarLet V andé be holomorphic
vector bundles orX with dimV = m, and letv be a holomorphic section d&f.
Assume thab vanishes on a complex manifold C X and satisfieg1l—1). Then
we have a complex of holomorphic vector bundlesXgn

i(v) i(v) i(v) i(v)

ATV = =S ANV = ANV

Let (Q(X, A(V*) ® §), %) be the Dolbeault complex associated to the holo-
morphic vector bundlé\(V*) @ &. Let %, (X, A(V*) ® &) be the hypercohomolo-
gies of the bicomplexQ (X, A(V*)®§), 8%, i(v)). Letj : Y — X be the obvious
embedding. Now the pullback mgp induces naturally a map of complexes

(2-2) I (QGCAWVH ®E), 3% +i(v) = (Y, AV ®E), 7).

Theorem 2.1.The map f is a quasi-isomorphism of complexés particular, j*
induces an isomorphism

(2-3) I (X, ANV @ &) = H(Y, A(V]) ®§).

Proof. In [Feng 200Bthere is an analytic proof of this theorem whign= T X.
There we used the twisted vector bundl€T * X) and here/\ (V*) takes its place;

the proof works just the same. For an algebraic proof, we can modify the proof of
[Bismut 2004 Theorem 5.1]. g

(2-1) 0—- A"(V") —
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Let NX, N,§ be the number operators oR(T*X), A(V*) corresponding to
multiplication by p on AP(T*X), AP(V*); do the same replacing by Y and V*
by Vi. ThenN* — NX andNY — N defineZ-gradings onQ (X, A(V*) ® &)
andQ2(Y, A(V}) ®&), which in turn induceZ-gradings or(, (X, A(V*) ® §) and
H(Y, A(V]) ® &), respectively. The isomorphisipt preserves thesé-gradings.

From [Bismut and Lebeau 19911.24)], we define the complex linas (V*)
andi (Vi) by

n

J (V) = Q) (detseP X, AV @) ",

p=—m

)\(\/D = ® ® (detH IO(Y’ X (\/T) ® E))(_l)p+q+1.

p=0 q=0
By (2—3), we have a canonical isomorphism of complex lines
Ao (VF) > A (VD).

Let p be the nonzero section mt\q)—l ® A, (V*) associated with this canonical
isomorphism.

Let g™ be a Kahler metric oriT X. We identify N with the bundle orthogonal
to TY in TX|y. Letg™ andgN be the metrics oY andN induced byg™*. Let
hé be a Hermitian metric o&. LethY be a metric or\V such thatv, and ImVu|y
are orthogonal ofY andVuly : N — Im Vu|y is an isometry.

Let dux be the Riemannian volume form @i, g"%). Let (-, -), be the met-
ric on A(T*X) ® A(V*) ® £ induced byg™, hV, hf. The Hermitian product on
QX AV ®§) is defined by

1

(2-4) (o, ) = / (o, a')odvyx  fora, o’ € Q(X, A(VH) ®E).
2m)" Jx

Let 8** andv*A =i (v)* be the adjoint 0> andi (v) with respect tq( -, - ). Set
V=i +iw?* DX=8%4+3%.

By Hodge theory,

(2-5) ¥, (X, AN(V) ® &) ~ Ker(D* + V).

Denote byP be the operator of orthogonal projection fraag X, A(V*) ® €) onto

ker(DX + V) and setPL = 1— P. Let h* be theL2-metric on%, (X, A(V*) ®

£) induced by thelL2-product(2—4) via the isomorphisnm(2-5). Define in the

same way a Hermitian product @2(Y, A(V}) ® &) associated t@'", h':, hf.
Let 3" be the adjoint oY, andh":AVD®E) the correspondinds ?>-metric on
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H(Y, A(V]) ®§). Set
DY =3 +3"".
Let Q be the orthogonal projection operator framY, A(V])®&) on KerDY, and
Qt =1-Q. Let|- |5, and|- |, be theL2-metrics onx,(V*) andA(V*)
induced byh” andhH™AMVD®E) - Following [Bismut and Lebeau 199{1.49)],
let
0, () = —Trs((N* = N ((D* +V)?)~SP+).
Then@lf( (s) extends to a meromorphic function ®& C, which is holomorphic at
s=0.
The Quillen metrid| - ||, (v+) on the linex, (V*) is defined by

13 X
- Ta, vy =1+ |, vy €XP

In the same way, the function

0Y(s) = —Trs((NY = N)(DYH)™°Q™)

extends to a meromorphic function 8k C, holomorphic ats = 0. The Quillen
metric | - ||xcvs) on the linea(Vy) is defined by

-1 o exp( ~ 2% 0)
AVH =1 vy EXP > 9s .

Let || - ||M\/* “1g;,(v+) b€ the Quillen metric ok (V])~ 1 ® A,(V*) induced by
- 1, v and|| llxcvy) as in Bismut and Lebeau 199§1e]

The purpose of this section is to give a formula figr|?
introduce some notations.

For a holomorphic Hermitian vector bundlE, hE) on X, we denote by T¢E),
ch(E), cmax(E) the Todd class, Chern character, and top Chern class, efnd
by Td(E, hE), ch(E, hE), cmax(E, hF) the Chern—Weil representatives of (F,
ch(E), cmax(E) with respect to the holomorphic Hermitian connecti@& on
(E, hE).

Let 6y be the current of integration ovi. By [Bismut 1992 Theorem 3.6],
a currenttmax(V, hY) on X is well defined by the holomorphic sectian(which
induces an embedding: X — V), and this current satisfies

99
(2-6) EﬂWWh>—%MM,%&—%MvW>

AVHI@A, (V) Now we

Let TA(TY, TX, gT*I¥) be the Bott—Chern current on associated to the exact
sequence

(2-7) O TY—>TXly—>N—->0
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constructed inBismut et al. 1988a81f], which satisfies

% TA(TY, TX, ™) = Td(T X]y, g"*¥) = Td(TY, g"") Td(N, g").
JT

Finally, let R(x) be the power series introduced @i[let and Soud 1991, which
is such that ifz (s) is the Riemann zeta function, then

n

R(x)—Z(Z (- n)+2—<—n))%

n>1
nodd

We identify R with the corresponding additive genus. We also set

ch(A*(V})) = Z( 1 ch(A' (V)),

and denote by aii\*(V3), h\" V1)) its Chern—Weil representative.

Theorem 2.2.The Quillen metrid|p|| is given by the exponential of

AVH~I@A, (V*)
(2-8) — / Td(TX, g™ Td"1(V, hY)Emax(V, h¥) ch(&, h)
/ Td"3(N, gN) TA(TY, T X]y, g"*M) ch(A*(V5), hA Vi) chg, hé)

_ / Td(TY)R(N) ch(A* (VD)) ch(&).
Y

Proof. Set

(2-9) TAVH), YD) = Td 1V, hY)Emax(V, hY).

By the same argument as iBismut et al. 1990Theorem 3.17], the current
T(AV), hAY)

is exactly the current oiX associated t(2—1) (evaluated modulo irrelevaator 3
coboundaries).

Now, from the choice of our metribY, the analogue offismut and Lebeau
1997, Definition 1.21, assumption (A)] is satisfied for the comp(&x1). Then
we verify that as far as local index theoretic computations are concerned, the
situation is exactly the same as iBi$mut and Lebeau 1991 Because of the
guasi-isomorphism oTheorem 2.1there are no “small” eigenvalues of the op-
eratorD +- TV whenT — 4o00. In Section 3 we write down the intermediate
results corresponding t@[smut and Lebeau 19986¢]. Comparing toBismut
and Lebeau 199886c—6€], the proof ofheorem 2.2s complete. O
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Remark 2.3. Assume thatY consists only discrete points; thén> n and the
last two terms of2-8) are zero. In this case, if =1, then(2-1)is a resolution
of j+(Oy) andTheorem 2.4s a direct consequence digmut and Lebeau 1991
Theorem 0.1]. By Bismut 1992 Theorem 3.2, Definition 3.5¢max(V, hY) is zero
if | >n+1.

3. L2 metrics on H, (X, A(V*)) and localization

We keep the assumptions and notationSe€tion 2

Let g"* be a Kahler metric onT X, and letg™", gN be the metrics oY, N
induced byg™*. LethY be a metric orVV such thatv; and ImVu|y are orthogonal
onY andVuly : (N, g\) — Im Vu|y is an isometry.

Let s : detV; — detT*Y be a nonzero holomorphic section. lgtbe a metric
onV such that ory, V1 and ImVu|y are orthogonal and

| |detvadetT*x,1 = |$1ldetviodetT+y,1 = 1,

where| - |detvedetT+x.1 and| - |detv; @detT+y,1 are the norms on the holomorphic line
bundles deV ® detT*X and detv; ® detT*Y induced byh} andg™™.
We will add a subscript 1 to denote the objects induceﬂ‘lbyFor

B e AP(T*X) ® AA(V*),
we definesy 18 € A" P(T*X) & A'~9(V*) by
(o, B)1 ¢ (dux) = @ A %y 1B

It's useful to write down a local expression fey 1. if {w‘}i”:1 and{;ﬂ}:zl, are
orthonormal bases &f* X and (V*, h\l/), then

dox = (=) D2 /DG A AT @ WA A WD
andg T(wiA---Aw") =ful A Ap with [ f]=1. If

ﬂ:wl/\/\wp®ul/\/\uq’
then

*y.1f = (_1)(n—p)q+n(n+l)/2( /—1)" f TPHIA AT ® Mq+l A A MI-

Thusxy, 1%y 18 = (=1)PTOOHFD g foranyg e AP(T*X)@AI(V*). Combining
this with (1-2), we find that

B =(—DPTIL 0% k1 B, (W) B = (—DPTITTL i (v) w1 B.

Thus the antilinear mapy 1 is an isometry fron(?}ﬁv(x, AV*)), hzfv) to itself.
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The bilinear form
1
(3-1) a, B € #y(X, A\(V)) — 2 )”f AP

is nondegenerate; indeed,e ¥, (X, A(V*)) implies xy 1 € 3, (X, A(V*)), so

a # 0 implies
/ a Ay qa > 0.
X

Thus the metrid - |5, (v+.1 0n A, (V*) only depends on the nondegenerate bilinear
form (3—1)on %, (X, A(V*)), which is metric-independent.
Recall the definition of de¥v|y from Section 1 Now,

olvy/((detVuly)*)
$1

is a holomorphic function olY. SinceY is compact, this function is locally con-
stant. Then we have the following extension Bfgmut 2004 Theorem 5.7].

Theorem 3.1.
(3-2) 10g|olxcvs) 2o, v) = f Td(TY) ch(A(V})) log

ély/((detVuly)*)
D1 '

Proof. We useg; to define the mtegrafY y fory e H(Y, A(V})). Since

1ldetV,®detT*Y,1 — 1,
1] 1

following the same considerations as above, we find that the antilinear operato
*y,,1 mapsH (Y, A(V))) into itself isometrically. Therefore, to evaluate the left-
hand side of3-2), we only need to compare the bilinear forf3s-1) with

1
a,be HY, A(V])) — (Zﬂ)mea/\b.
Let A, € End®™®"H (Y, A(V})) be given by
_ 1= n-m) *
(3-3) as (=1 a _ oly/((detVuly) )'
(2r)"-Mdety ((1+ RY)/(—271)) $1
Set g
etAv eve *
detA, — [H rw,A(\/l));
detAleodd(Y’/\(\/z))
then

2
(|p|/\(v{)—1®/\ wo.1) = detA,].

Now, A, is a degree-increasing operatorhi(Y, A(V;)). Therefore it acts like a
triangular matrix whose diagonal part is just multiplication by the locally constant
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dly/((detVu|y)*)
1

detA, = (

function . Using(3-3), we get
¢|Y/((dethIY)*))X“NVD)
o1 '
But x (Y, A(V3)) = [, TA(TY) ch(A(V})); thus we ge(3-2) O
Let g be the metric orN such thatvuly : (N, g) — (Im(Vv), h"¥") is
an isometry. LeTd=%(N, gV, g)¥) be the Bott-Chern class constructedBisinut
et al. 1988a§1f] such that

o= ITd YN, gV, gl = Td (N, g) — Td (N, gV).

Finally, we can compute the analytic torsion on the total manifold via the zero set
of a transversal section

Theorem 3.2.1f hy* =h"1 on Y, then

aex Y
@4 O+ % 0= / TATX, g7 Td 1V, hY)emax(V, h)

+/ (Td—l(N, o) TA(TY, TX|y. g"™)
Y

FTA(TX, g™ Ta LN, gV, glN)) ch(A*(V3), hA' (VD)

blv/( )

Proof. Sinceh,* =h", we have - aevp =1 lavp.aandl] - lxevn =1 - lhov.1. Let
ch(A(V), hp ", hAVY) be the Bott-Chern class constructed Bisinut et al.
19884 §1f], so that

—f TA(TY) Ch(/\*(\/’{))(R(N)—i—Iog
Y

h1

S GR(ACY), R AC) = oh(A W), WD) — eh(A W), )

Then by the anomaly formuld@jsmut et al. 1988pbTheorem 1.23],

og(—” 8 W) = / TA(TX, g"™) Sh(A(V*), hp ¥, hAVY),
[ ”)»u(\/*),l X

By [Bismut et al. 1990Theorem 2.5],
(3-5) T(AVW h"Y)=T (AW, hp ™)
= ch(A*(VD), W ) Ta (N, g, g)sv — ch(A(V*), hp M h ().

By (2-9), Theorem®.2and3.1, and the preceding equations, the proof béorem
3.2is complete. O
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Remark 3.3. If Y consists only of discrete points and= |, then¢1 = Id. In this
case leg®™™N andgd®™N be the metrics on dél = detT X induced bygN andg}'.
By Remark 2.3andTheorem 3.2

30
- avs’—l(o>=— f Td(TX, g™ Td™H(V, hy) Emax(V. hY)
X

+ " (1og(g®™N/ggeN) — log |¢/(detVuly)*|).
peY

Remark 3.4. If V = T X andv is a holomorphic Killing vector field(3—-4)is a
special case offfismut 1992 Theorems 6.2 and 7.7]. In this casg, = g"%,

and onY, we have a holomorphic and orthogonal splittifigly = TY & N.

Thus TA(TY, TX|y, g™¥¥) = 0. To computeTd %(N, gV, g), note thatg) =

gN((Vv)-, (Vv)-), asA= (Vv)*(Vv) is positive and self-adjoint; thug\)s is well

defined fors [0, 1]. Takingg) =gN ((A)S-, -), we obtain by Bismut et al. 1988a
Theorem 1.30]

1
Td XN, g, gM) = /o ((Td™1(N, ), log A} ds.

But Vv is holomorphic, so the curvatuml associated to the holomorphic con-
nection on(N, gY) is R = RN for s € [0, 1]. Thus

(3-6) Td 1N, gV, gl) = ((Td™1'(N, gV), log A) .
Now
(3-7) TATX, g™ T(AT*X), M NTX) = Enad(TX, g7

is an(n—1, n—1)-form on X.
In this case, we get easily the special caseBi$ut 2004 Theorem 4.15]
directly from [Ray and Singer 197®y using Poinca& duality:

90Y
(3-8) E(O) =0.

From (3—4), (3—6), (3—7), and the vanishing of the constant termsR{fN) and
TE(N, gV — 3, we get

00

9 -—

”)51(0)—/c (TY)(R(N)—<T—d(N gNy — 1 |ogA)>—o
S o Y max Td ’ ’ o
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4. Appendix: six intermediate results

In this section, to help readers understand how to obfaigorem 2.2we write
down the corresponding intermediate results fr@isut and Lebeau 199The-
orems 6.4-6.9].

Let VAY) pe the connection op\(V*) induced byVY". SetC, = VAV 4
JuV. Let®2, and Tg(NY, exp(—%2,)) be the operator and the generalized trace
associated to the compl€2—7)as in Bismut and Lebeau 199%5]. Let® be the
homomorphism from\*V*\(T X) into itself which toa € /\ZP(T[@‘X) associates
@ri) Pa.

Theorem 4.1.For any w > 0, there exists C> 0 such that for > ug, T > 1,

: . C
‘TrS(NHXe—u(DX-i-TV)Z) . TI‘S((% dim N + N;{')e_uDYz) < ﬁ’
_ X 2 _npY.2 C
[Trs((N* = N ™ TY7) —Trg(NY — e *0") | < —.

Theorem 4.2.Let Pr be the orthogonal projection operator frof(X, A (V*)Q§)
to Ker(DX+T V). There exist c- 0 and C> 0 such thatforanyu>1and T>1,

‘Trs((NX — N,ﬁ()e‘”(Dx”V)z) —Trs((N* = N I5T)‘ <ce Cy

Theorem 4.3. There exist C> 0 and y € ]0, 1] such that for any ue ]0, 1] and
0<T <1/u,

Trs(N.ﬁ‘e*“Dx”V)Z)—f TAd(TX, gTX)q>TrS(N,§e‘C?2) <CUlL+T)).
X

There exists a constant G 0 such that for ue ]0, 1] and0< T <1,

‘TrS(N,ﬁe_(“ DX+TV)2> _ Trs(Nﬁ(E‘_(u DX)Z) <C'T.

Theorem 4.4.Forany T > 0,

lim TrS(N,ﬁe‘(“DX*(T/”)V)Z) :/ d)Trs(Nme_%iZ) ch(A(V}), YD) chg, hf).
Y

u—0

Theorem 4.5. There exist C> 0 and$ € ]0, 1] such that for any ue ]0, 1] and
T>1,

C
<

J— T& M
Let|-|% (1 be theL?-metric oni,(V*) induced byg"*, T*h" as in(2-5)

[Tro(NJfe O™+ TV _ Trg((Gdim N + Nye ™ P™)
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Theorem 4.6.As T — 400,

|12
Ao (V). T
| AL AL R
|- 12
(V)

. 1
= — 109112 ey 15, r) + Trs((AMN +2NY) Q) log T + o<?).
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