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Abstract In this paper we obtain a localization formula in differential K-
theory for S!'-actions. We establish a localization formula for equivariant -
invariants by combining this result with our extension of Goette’s result on the
comparison of two types of equivariant n-invariants. An important step in our
approach is to construct a pre-A-ring structure in differential K -theory.
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0. Introduction

The famous Atiyah—Singer index theorem [7] states that for an elliptic dif-
ferential operator on a compact manifold, the analytical index (related to the
dimension of the space of solutions) is equal to the topological index, com-
puted in terms of characteristic classes. We can view the index as a primitive
spectral invariant of an elliptic operator, whereas global spectral invariants
such as the n-invariant of Atiyah—Patodi—Singer and the analytic torsion of
Ray-Singer as the secondary spectral invariants of an elliptic operator. In [6,
Proposition 2.10], Atiyah and Segal established a localization formula for the
equivariant index using topological K -theory, which computes the equivariant
index via the contribution of the fixed point set of the group action. Thus it
is natural to ask whether the localization property holds for these secondary
spectral invariants. Note that they are neither computable from local data, nor
topological invariants as the index.

Note that the Ray—Singer holomorphic analytic torsion [52] (and its fami-
lies version, Bismut—K&hler torsion form [21]) is the analytic counterpart of
the direct image in Arakelov geometry [56]. Bismut—Lebeau’s embedding for-
mula [22] for the analytic torsion and Bismut’s families extension [15] are the
essential analytic ingredients of the arithmetic Riemann—Roch—Grothendieck
theorem [34,36].

Kohler—Roessler established in their proof of the equivariant arithmetic
Riemann—Roch theorem, a Lefschetz type fixed point formula [39, Theorem
4.4] in the equivariant arithmetic K-theory. In the arithmetic context, their
result gives a relation between the equivariant holomorphic torsion and the
contribution of the fixed point set corresponding to the n-th roots of unity. In
[40, Lemma 2.3], they discussed in detail this problem and made a conjecture
for projective complex manifolds [40, Conjecture, p. 82]. Kohler—Roessler [40]
did not use the comparison formula of Bismut—Goette [19], but used instead
their equivariant arithmetic Riemann—Roch theorem. For more applications of
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Differential K -theory and localization formula 547

the equivariant arithmetic Riemann—Roch theorem, cf. Maillot—Roessler [49]
and later works.

Atiyah—Patodi—Singer [4] developed an index theory for the Dirac operator
on compact manifolds with boundary. Their index formula involves a contribu-
tion of the boundary, called the n-invariant. Formally, it is equal to the number
of positive eigenvalues of the Dirac operator minus the number of its negative
eigenvalues. Cheeger—Simons [27] gave a formula in R/Q for the n-invariant
by using their differential characters, cf. also the work of Zhang [61].

The n-invariant (and its families version, Bismut—Cheeger n-form [17]) is
the analytic counterpart of the direct image in differential K-theory (see e.g.,
[11,25,32]). In particular, the embedding formula of Bismut—Zhang [24, Theo-
rem 2.2] for the n-invariants plays an important role in the proof of Freed—Lott’s
index theorem in differential K -theory [32, Theorem 7.35]. Various extensions
of Bismut—Zhang’s embedding formula have been recently established by Liu
[43] and later work.

In this paper we will establish a localization formula in differential K-
theory. Our result is formally similar to [39, Theorem 4.4], but we employ here
totally different arguments. For S'-actions we get a pointwise identification
between the equivariant n-invariant and the fixed point set contribution to
the n-invariant, modulo the values at this element of rational functions with
integral coefficients. The definition of the fixed point set contribution is actually
an important part of the localization formula. By combining this identification
with our recent extension [45] of Goette’s comparison formula for two kinds of
equivariant n-invariants [37] we finally conclude our main result: the difference
of the equivariant n-invariant and its fixed point set contribution, as a function
on the complement of a finite subset of the circle S! is the restriction of a
rational function on S' with integral coefficients. It seems that our result is the
first geometric application of differential K -theory.

Let us recall first the Atiyah—Segal localization formula for the equivariant
index. Let Y be an S'-equivariant compact Spin® manifold. It induces an S'-
equivariant complex line bundle L such that wy(TY) = ¢1(L) mod (2), where
w7 is the second Stiefel-Whitney class and c; is the first Chern class [41,
Appendix D]. Let E be an S'-equivariant complex vector bundle over Y. Let
DY ® E be the Spin¢ Dirac operator on S(TY, L) ® E, where S(TY, L) is
the spinor bundle associated with this Spin® structure (cf. (1.13)).

For any complex vector bundle F over a manifold X, we use the notation

Sym,(F) =14 Sym"(F)t*, a(F)=1+) A*F)* 0.1
k>0 k>0

@ Springer



548 B. Liu, X. Ma

for the symmetric and exterior powers of F in K e eliral respectively and
denote by Sym(F) := Sym,(F). Here in (0.1), 1 is understood as the trivial
complex line bundle over X in K°(X), the K -group of X.

1 . . .
Let Y5 be the fixed point set of the circle action on Y, then each connected
component Yo‘? 1, aeB,of YS 1, is a compact manifold. Let N, be the normal
I,
bundle of YaS in Y and we can choose a complex structure on N, through the

circle action. For any o € ‘B, Y(f " also has an equivariant Spin¢ structure with
associated equivariant line bundle L, = L|Y 51 ® (det Ng)~! (see (1.33) for
instance).

Let K gl (Y, (XS 1) 1(g) be the localization of the equivariant K-group K 21 (Yo‘f 1)

at the prime ideal 7 (g), which consists of all characters of S! vanishing at g.

Assume temporarily that Y is even dimensional. Then the spinor bundle is
naturally Z,-graded: S(TY, L) = ST(TY, L) ® S~ (TY, L). Let Di ® E be
the restrictions of DY ® E to the spaces € (Y, ST(TY, L) ® E) of smooth
sections of ST(T'Y, L) ® E on Y. Then the kernels Ker(Di ® E) of Di QF

are finite dimensional S'-complex vector spaces. Let
Indy (D" ® E) = Tr Iger(py (8] = TF kern? ) L8] ©02)

be the equivariant index of DY ® E corresponding to g € S'.
For g € S! fixed, let X be a character of S! such that x (g) # O. For w =

(FT—F7)/x € K (Y )I(g) we define the equivariant index of DY ® w
by

1 1 1
Indg (D" ® w) = x(g)”" (Indg(DYaS ® F) —Indy (D% ® F—)).
(0.3)

This does not depend on the choices of F*, F~ € K 21 (Y(f ]) and x. Here

1
pYe ® F* are Spin® Dirac operators on Y(f " defined in a similar way as
DY QE.

Theorem 0.1 [6, Lemma 2.7 and Proposition 2.10] If Y5 "is the fixed point set
of g € S', then there exists an inverse _(N})~! in Kgl (Yasl)l(g). Moreover,

1
Ind, (D" ® E) = ) Ind, (DY«f @r(NH ' ® E|Ysl> . (04

For simplicity, we fix a complex structure on N, such that the weights of
the S'-action on N, are all positive. Then by [47, (1.15) and (1.17)], we can
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Differential K -theory and localization formula 549

reformulate Theorem 0.1 in the following way:

1
Ind (D' ® E) = Z Ind, (DY«f ® Sym(N}) ® E|Ysl>
o
as distributions on S'. (0.5

Notice that Ind(DY ® E) = Ker(DY ® E) — Ker(DY ® E) is a finite dimen-
sional virtual representation of S', thus is an element of the representation ring
R(SY) of S'. For each «,

1
Ind <DYaS ® Sym(N;) ® E|Yasl) € R[S'] (0.6)

is a formal representation of Sl je., each component of weight k of (0.6),
denoted by

1
Ind (Dycf ® Sym(N*) ® E|Ysl)
* k

is a finite dimensional virtual vector space. As a consequence of (0.5), we have
for any |k| > 1,

1
> Ind (DY«f ® Sym(N}) ® E| YS1> =0. (0.7)
o ¢ k

From now on we assume that ¥ is odd dimensional. Let g”¥ be an S'-
invariant Riemannian metric on 7Y, and V77 be the Levi-Civita connection
on (Y, gTY). Let h% and hf be S'-invariant metrics. Let V£ and V£ be S!-
invariant Hermitian connections on (L, h%) and (E, h%). Put

Y =(TY,g"",vI"), L=(L, Kt VE), E=(E rE VE). (08)

We call them equivariant geometric triples.
For g € S! let ng(T'Y, L, E) be the associated equivariant APS reduced
n-invariant (cf. Definition 1.2).

In the rest of this paper we always assume that Y5 : # () except in Sect. 3.5.
Let Ly, N, Sym(N;) and A_1(N,) be the induced geometric triples

on Ya‘fl. In view of (0.5), it is natural to ask whether we can define
e (TYS', Lo, SYm(Vg) © E|
how to compute the difference

YSI) as a distribution on S' for each o and
o
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550 B. Liu, X. Ma

- - 1
io(TY, L E) = Y it TV Las SYmIND ® El gt ) (0.9)

o

as a distribution on S! by using geometric data on Y.
In this paper we give a realization of )L_I(N;)_l in the localization of
equivariant differential K -theory, such that

_ 1 —
> g (TS L ha (V) ™ @ El 1) (0.10)
o

is well-defined, and then we identify itto o (T'Y, L, E) up to arational function
on S! with integral coefficients. The remaining challenging problem is to
compute precisely this rational function on S! in a geometric way.

For g € S! let Kg(Y ) be the g-equivariant differential K-group in Def-
inition 2.14, which is the Grothendieck group of equivalence classes [E, ¢]
(see (2.87) for the equivalence relation) of cycles (E, ¢), where E is an equiv-
ariant geometric triple on ¥ and ¢ € Q44 (Y¢, C)/dQeve" (Y4, C), the space
of odd degree complex valued differential forms on the fixed point set Y§ of
g, modulo exact forms. Let I/(\g(Y) 1(g) be its localization at the prime ideal

1(g). Then as explained in (2.93), an element of I/(\g(Y )1(g) can be written as
([E7 ¢1 — [E, (b,]) /X, where x is a character of S1 such that x(g) #0.

With respect to the S!-action, we have the decomposition of complex vector
bundles Ny, = €, Na.» such that g € S lacts on Ng,» by multiplication by

v

g’.

Using the pre-A-ring structure of the differential K -theory constructed in
Theorem 2.6, we obtain the differential K -theory version of the first part of
Theorem 0.1.

v>0

Theorem 0.2 (See Theorem 2.17) There exists a finite subset A C S' (cf.
Proposition 1.1), such that for g € S'\A, [K_l(N;‘), O] is invertible in

I/(\g(Yo‘fl)I(g) and there exists Ny > 0, which does not depend on g € ! \A,
such that for any N € N, N' > N, we have

[x,l(N;;),o]fl - [Ll(N;);J,o] e RSN, 1D

Here A_; (N;‘)Kfl is defined by truncation up to degree N' > N in the formal

expansion of A_1 (N(;‘;)_1 given by the y -filtration (see the precise definition in
(2.63), (2.65), (2.66) and (2.100)).
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Remark 0.3 By (2.100), »_ (N&")Xfl 1s a sum of virtual vector bundles on Y(f :
with coefficients in

Fy/ [ @¥—pFetN e Rish 0.12)
V:Ng v #0

with F'(x) € Z[x], where Z[x] means the ring of polynomials in x with integral
coefficients and rk N, is the rank of the complex vector bundle N,.

For g € S! set
Qg :={P(g)/Q(g) €C: P, 0 € Zx], Q(g) #0} CC. (0.13)

Let ¢ : YS' — Y be the canonical embedding. Let I* : I/(\g(Y)I(g) —
I?g(Y s! )1(g) be the induced homomorphism.

Theorem 0.4 For g € S', the direct image map ?;! : I/(\g(Y)I(g) — C/Qq,

[E, ¢1/x — x(&)" <— /Y ) Tdo (VI VEYA ¢ +11,(TY, L, @) (0.14)

is well-defined.
For any g € S'\A, I* is an isomorphism and the following diagram com-
mutes

[A,I(N*),o]_luz*

~ 1 ~

K K1)
\ / o
Tyst, i

C/Qy.

where the product U is defined in (2.88). In particular, taking into account
(0.14), we have for any N € N with N' > Ny, where Ny is as in Theorem 0.2,

- 1 —
g (1Y, L E) = 3" 7ig (TYS', Las A1 (NDR ® El g1 ) € Q. (0.16)

The final main result of our paper is as follows:

Theorem 0.5 Let A C S' and Ny € N be as in Theorem 0.2. Then for any
N e N, N > Ny, for any equivariant geometric triple E on Y, the function
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ong e SN\A,

¢(TY. L E) - an(TYj',ﬁ,x_l(N;“)jvl@ﬂygl) 0.17)

is the restriction on S'\ A of a rational function on S with integral coefficients
that does not have poles on S'\ A.

In the last part of this paper (see Sect. 3.5) we discuss the case when Y5 "=

Theorem 0.6 (See Theorem 3.11) If YS' = Band A = (g € S' : Y8 # @),
then ng(TY, L, E) regarded as a function on S W\ A, is the restriction of a
rational function on S' with integral coefficients and without poles on S'\ A.

Let us explain why we do not work directly with all elements g € S'\ A in
Theorems 0.2 and 0.4. Note on one hand that the equivalence relation defining
K O(Y) (cf. (2.87) in Definition 2.14) really depends on 8 ¢ e S! even for g€

S\ A. Thus we can neither define the differential K -group K , (Y), norlocalize

uniformly on g € S'\ A. On the other hand, even in the classwal situation from
Theorem 0.1, we only localize at each element. To get Theorem 0.5, a certain
uniform version of Theorem 0.4 on g € S'\ A, we need to use Theorems 1.9
and 1.10, i.e., our extension of Goette’s result, which is roughly saying that
the equivariant -invariant is a meromorphic function in g € S! with possible
poles in A and whose singularity is locally computable on Y&.

We give at the end of the introduction a proof of Theorem 0.6 and a formal
computation for (0.9) in a special case.

We suppose that there exists an oriented even dimensional S'-equivariant
Spin¢ Riemannian compact manifold X with boundary ¥ = 9 X and associated
S1-equivariant Hermitian line bundle £ = (£, h*, V£), and an S'-equivariant
Hermitian vector bundle (£, h¢) with S!-invariant Hermitian connection V&
such that (X, g7%), £ and L are of product structure near the boundary and

S(TX,L)=8ST(TX,L)®S (TX, L), ST(TX,L)y=S8(TY,L).
(0.18)

Then the index Indaps (D¥ ® &) of the Dirac operator DX ® £ with respect to
the APS boundary condition, is a finite dimensional virtual S'-representation.
By [29, Theorem 1.2], we have for any g € Sl\Al,

Indaps.g (DX ® €) = / Tdg(TX, L) chy(£) — iig(TY. L, E), (0.19)
XS

where Ay = {h e S': X5' £ X"}
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If ¥S' = @, then X5' is a manifold without boundary. Thus (0.19) implies
that ny(TY, L, E) is the restriction to S I\ A| of arational function on S! with
integral coefficients.

Assume now Y5’ # (. We denote by Indaps(DX ® &£, k) the multiplicity
of weight k part of the S!-representation in Indaps (DX ® &). Then

Indaps,(D* ® £) = > " Indaps(D¥ ® £.k) - g¥, forany g € S".
k

(0.20)
Introduce the notation (cf. (1.18) and (3.40))
_ —lz,vrkNX-i-il X v
R(g) = ¢ 220" VTl QQ Sym, o (N) ® ( D Eug
v>0 v
1 _
=) Rg" € K(X*)Hllg, ¢, 0.21)
k

where we denote by ®U>ON§ the normal bundle of X' in X as in (L.5).
Now in view of (0.5), we apply the usual APS-index theorem [4] for the

1
operator DX ) Ry, taking into account that XS " is a manifold with boundary
St _ gyS! :
Y°® = 0X* ,and we obtain

st 1 - 1
tndars (DX @ R = [ TaCX L eh(R) ~ TS Lo Ro),
X o

(0.22)

where £’ is the associated line bundle over X* " defined as in (1.33). By the
general analytic localization technique in index theory by Bismut-Lebeau [22],
we can expect that the arguments in [28, Theorem 1.2], [47, §1.2] extend to
the APS-index case, i.e., we can expect that

1
Indaps(DX ® €, k) = Indaps(DX° ® Re) + sf(Y, k), foranyk € Z,
(0.23)

where sf(Y, k) € Z is the spectral flow of a family of deformed DY ® E

operators via the vector field generated by the S'-action. As in the case of
manifolds without boundary we write formally

ZTol(TXS1 , L) ch(Ry) - g = Tdo (T X, £) chg(E). (0.24)
keZ
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554 B. Liu, X. Ma

Thus, we have at least formally for any g € ST\ Ay,

ig(TY, L, E) =Z(Zﬁ( Y3, La, Re) — (Y, k)) g5 (0.25)

keZ o

This heuristic discussion hints to the possibility of computing (0.9) geometri-
cally.

However, the authors are not aware of any result stating that for S!-
equivariant geometric triples (T'Y, L, E) as above there exist k > 0 and
S1-equivariant X, £, £ such that X consists of k properly oriented copies
of Y and by restriction to 0X we get Y, L, E. Another difficulty is how to
make a proper sense of the right-hand side of (0.25). This is why our intrin-
sic formulation of Theorem 0.5 does not rely on the existence of such an X.
Also, it shows the usefulness of the y -filtration that we introduce in differential
K -theory.

Finally, it is natural to ask whether there is a similar localization formula
(0.17) for the real analytic torsion [23,51]. However, unlike the case of the
holomorphic torsion and the n-invariant, a suitable K-theory where the real
analytic torsion is the analytic ingredient of a Riemann—Roch type theorem
(cf. [20]) is still lacking.

The main result of this paper is announced in [44].

This paper is organized as follows. In Sect. 1, we introduce the main object
of our paper, the equivariant n-invariant, and we review some of its analytic
properties, which we will use in this paper, such as the variation formula, the
embedding formula and the comparison of equivariant n-invariants. In Sect. 2,
we prove that the differential K -ring is a pre-A-ring and construct the inverse

of [A_1(N}), 0] in I/(\g(YaSl)I(g) explicitly. In Sect. 3, we prove Theorems 0.4

1 . . . .
and 0.5 and study the case Y5 = . We also compute in detail the equivariant
n-invariant in the case ¥ = S'.

Notation: For any vector space V and B € End(V), we denote by Tr[B] the
trace of B on V. We denote by dimp or dimc the real or complex dimension
of a vector space, and we skip the subscript if it is clear from the context. For a
complex vector bundle E, we will denote by rk E its rank as a complex vector
bundle, and ER the underlying real vector bundle.

For K = R or C, we denote by Q°(X, K) the space of smooth K-valued
differential forms on a manifold X, and its subspaces of even/odd degree forms
by Qeven/odd(x K). Let d be the exterior differential, then the image of d is
the space of exact forms, Imd.

Let R(S') be the representation ring of the circle group S'. For any finite
dimensional virtual S 1—representation V=M-M cR(SYandh € §',its
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character
xv (h) = Tt |y[h] — Tt |y [h] € ZIh, k™1, (0.26)

a polynomial in & and A~! with integral coefficients. Conversely, for any
f € Zlh, h~1], there exists a finite dimensional virtual § 1—representation Vi e
R(S!) such that f = Xv; on S1. So in this paper, we will not distinguish the
finite dilmensional virtual S 1—1reprc-”:sentation and f € Z[h, h~!] as an element
of R(S%).

1 Equivariant »-invariants

The heat kernel approach to the Atiyah—Singer index theorem, introduced by
Mckean—Singer, Gilkey, Atiyah—Bott—Patodi, ..., establishes the local index
theorem for Dirac operators. It finds immediately many applications, in partic-
ular the discovery of the Atiyah—Patodi—Singer index theorem for manifolds
with boundary and of the n-invariant as the boundary contribution in this index
formula. Bismut, along with his various collaborators, has made groundbreak-
ing contributions in this direction, in particular by developing various ideas
and techniques to study the global spectral invariants such as the n-invariant
and the analytic torsion.

In this section we review some facts about the equivariant n-invariants.
These results have largely been influenced both philosophically and tech-
nically by the analytic localization technique in index theory developed by
Bismut-Lebeau. The variation formula which computes the difference of the
equivariant np-invariants associated with different metrics and connections, is
a direct consequence of Donnelly’s equivariant APS index theorem for mani-
folds with boundary. It is used in Theorem 3.5 to show that the direct image in
g-equivariant differential K -theory is well-defined. The embedding formula
guarantees that the direct image in g-equivariant differential K -theory is com-
patible with the embedding. Note that the embedding of the fixed point set into
the total manifold appears naturally in our problem (0.9).

To conclude Theorem 0.5 from Theorem 0.4, we need to understand the
analyticity of the equivariant n-invariant as a function of g € S'. In the same
way as fixed-point formulas have two equivariant versions, the Lefschetz fixed-
point formula and Kirillov-like formulas of Berline—Vergne, also equivariant
n-invariants have two versions. In Theorems 1.9, 1.10, we show that the differ-
ence of these two equivariant n-invariants is given by an explicit local formula,
involving natural Chern—Simons currents. Moreover, the Kirillov-like equiv-
ariant n-invariant is analytic near 0 € Lie(S I ).

This section is organized as follows. In Sect. 1.1, we study the equivariant
decomposition of T'Y, in particular, we define the finite subset A C S! in
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556 B. Liu, X. Ma

Theorem 0.2. In Sect. 1.2, we define the equivariant n-invariant. In Sect. 1.3,
we first introduce some characteristic classes and Chern—Simons classes which
appear in various situations in the whole paper, then we recall the variation
formula. In Sect. 1.4, we review the geometric construction of the direct image
for an embedding in topological K -theory, in particular the natural metrics
and connections on the direct image constructed by Bismut—Zhang. Finally,
we explain the embedding formula. In Sect. 1.5, we compare the equivariant
n-invariant with the equivariant infinitesimal n-invariant.

1.1 Circle action

Let ¥ be a smooth compact manifold with a smooth circle action. For g € S,
set

Y8={yeY:gy=y}
st 1 (11)
Y> ={yeY:hy=yforanyh € S'}.
Then Y¢ is the fixed point set of g-action on ¥ and ¥ " is the fixed point set
of the circle action on Y with connected components {th l}ae%. Since Y is

. . . . 1
compact, the index set B is a finite set. Certainly, for any g € § LyS cye.
If g € S!is a generator of S!, that is, g = ¢?™! with t € R irrational, then

vS' is the fixed point set Y8 of g. We have the decomposition of real vector
bundles over Y5 l

1
TY|, 0 =TYS & P NE,. (12)
v#£0

where N}fv is the underlying real vector bundle of a complex vector bundle
Ng.» over Yas " such that g acts on Ny, by multiplication by g". Let N be the

normal bundle of ¥S' in Y. Then (1.2) induces the canonical identification
Ny = N|YS1 = QBU#)NEU. We will regard N, as a complex vector bundle.
The compléxx conjugation provides a C-anti-linear isomorphism between the
complex vector bundles Ny , and Na,_v. Since we can choose either Ny ,, or
N,y as the complex vector bundle for N(;lfv, in what follows, we may and we
will assume that

1
TY|yq = TYS @ PNy, No=ED Now. (1.3)

v>0 v>0
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Since the dimension of T'Y is finite, there are only finitely many v such that
tk Ny # 0. Set

g = max{v : there exists « € B such that rk N, , # 0}. (1.4)

Then we have the splittings

q
1
TY|y5t = TYS @ PNy, No=ED Now. (1.5)

v=1 v=1

Proposition 1.1 The set
A={ges' :v5 £y8) (1.6)

is finite.

Proof Let gTY be an S'-invariant metric on Y. Then there exists ¢ > 0 such
that the exponential map

0, 2) €U ={(. Z2) Ny :y € Y5, |Z <) > exp(Z)  (1.7)

is a diffeomorphism from ¢/, into the tubular neighborhood V. of YS in Y.
Then for any g; = ¢?™* € S!, (v, Z) € U, with Z = (zoz,v)zz1 € Ng,y, We
have

2mitv

&V, Z) = (3, (7" zq0)7_ - (1.8)

Thus for ¢t € (0, 1),
Sl . k .
usr=v°>, ift¢F,:=3—:k,pcoprime,0 <k <p<gq¢. (1.9
p

Now S! acts locally freely on Yy := Y\U,>. Thus for any x € Y, the
stabilizer S; of x is a finite group {€2™//% : 0 < j < k} ~ Z for certain
k € N*.Set N, = T, Y1/Tx(Sl-x),Whichis alinear representation of S! ~ 7.
By the slice theorem, there exists an S'-equivariant diffeomorphism from an
equivariant open neighborhood U, of the zero section in S! x s1 Nx to an open

neighborhood of § 1. x in Y}, which sends the zero section S’ / Si onto the
orbit S - x by the map g € S' — g - x. Now in this neighborhood U,, for
any g € Sl\S;, U = . By using the compactness of Y; there is a finite set
Ao C S! such that for any g € S'\Ag, Y{ = @. Combining with (1.9), we
know A in (1.6) is finite.

The proof of Proposition 1.1 is completed. O
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1.2 Equivariant »-invariants

In the remainder of this section, let Y be an odd dimensional compact oriented
manifold with circle action. Then the circle action automatically preserves the
orientation of Y. Let g7 be an §'-invariant metric on T'Y.

Assume that ¥ has an S! -equivariant Spin€ structure, i.e., the S Lactionon Y
lifts naturally to the associated Spin® principal bundle, in particular, it induces
an S! -equivariant complex line bundle L such that w>(TY) = c1(L) mod (2),
where wj is the second Stiefel-Whitney class and ¢ is the first Chern class
[41, Appendix D]. Let S(T'Y, L) be the fundamental complex spinor bundle
associated with this Spin® structure. It is an S'-equivariant complex vector
bundle in a canonical way, and formally

S(TY,L)=S8y(TY) ® L'/, (1.10)

where Sp(T'Y) is the fundamental spinor bundle for the (possibly non-existent)
spin structure on T'Y and L'!/? is the (possibly non-existent) square root of L.

Let E be an S'-equivariant complex vector bundle over Y. Then S! acts on
¢*°Y,S(TY,L)® E) by

(g.5)(x) = g(s(gilx)), for g € st (1.11)

Let 1% and h® be S!-invariant Hermitian metrics on L and E respectively.
Let 47 be the S'-invariant Hermitian metric on S(T'Y, L) induced by g7Y
and hl,

Let VTY be the Levi-Civita connection on (7Y, gTY). Let VL and VE be
S1-invariant Hermitian connections on (L, k%) and (E, h¥) respectively. Let
VS be the connection on S(T'Y, L) induced by V7Y and VL [41, Appendix
D]. Let VSY®E pe the connection on S(T'Y, L) ® E induced by VSY and VE,

vOreE — ySr @ 14+1@ VE. (1.12)

Let {e;} be alocally orthonormal frame of (7'Y, gTY). We denote by c(-) the
Clifford action of TY on S(T'Y, L). Let DY ® E be the Spin® Dirac operator
on Y defined by

DYQE = Zc(ej)vgr@E CE°Y,S(TY,L)® E)
j
— W, S(TY,L)QE). (1.13)

Then DY ® E is an S'-equivariant first order self-adjoint elliptic differential

operator on Y and its kernel Ker(DY ® E) is a finite dimensional S'-complex
vector space.
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Let exp(—u(DY ® E)?), u > 0, be the heat semi-group of (DY ® E)2.
We denote by 7Y, L, E the equivariant geometric data

Y =(TY,g"", vy, L=, h" vh), E=(E hf VE). (1.14)

We alsocall TY, L, E equivariant geometric triples over Y.

Definition 1.2 For g € § I the equivariant (reduced) n-invariant associated
with 7Y, L, E is defined by

+
ng(TY,L,E) = f Sy [¢(DY ® E)exp(—u(D* ® E)%)] du
— == 0 2/7u
1
+§ Tr |Ker(Dy®E)[g] e C. (115)

The convergence of the integral at # = 0 in (1.15) is nontrivial (see e.g., [18,
Theorem 2.6], [29], [59, Theorem 2.1]).

1.3 Variation formula

Since g7 is §'-invariant, the fixed point set Y¢ is an odd dimensional totally
geodesic submanifold of ¥ for any g € S'. Let N¥ be the normal bundle of
Y& in Y, which we identify to the orthogonal complement of 7Y& in T'Y.

Since the S'-action preserves the Spin® structure, we see that Y8 is canon-
ically oriented (cf. [9, Proposition 6.14], [46, Lemma 4.1]).

Assume first g = > € ST\ A (cf. (1.6)), then Y& = yS' and by (1.3), we
have the decomposition of real vector bundles over Y,

TYlye =TY¢ @ (PNE, NE=(PNE (1.16)

v>0 v>0

where NEJR is the underlying real vector bundle of the complex vector bundle
N, such that i € S! acts by multiplication by 4. We will fix the orientation

on Y¢ = ¥5' induced by the canonical orientation on N, as complex vector
bundles and the orientation on 7Y .

Since gTY is S'-invariant, the decomposition (1.16) is orthogonal and the
restriction of V'Y on ¥ is split under the decomposition. Let g7¥*, gV * and
gNEg be the metrics induced by g”¥ on TY8, N® and NiR. Let VIY¥, vV and

R . . . .
VMo be the corresponding induced connections on TY¢, N¥ and NEQ, with
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curvatures RTY*, RN “and RV . Then under the decomposition (1.16),

R
PLEGEP S L @g YoV e =V g @VNU .

(1.17)

Similar to (1.16), we have the orthogonal decomposition of complex vector
bundles with connections on Y&

Elys = @Ev, VE|ye = @va. (1.18)
v

v

Here h € S! acts by multiplication by 4? on E, and the connection V£ on
E, is induced by VE. Let RE, REv be the curvatures of VE, VEv,

Definition 1.3 For g = ¢>™" € S'\ A, set

i TYS
ATYS, VT = det!/? L ,
s1nh( RTYg)

. -1
Kg(NR, VN]R) D= (iédimNRdetl/leR (1 —g-exp (;—RNR)))
T
. —1
-T1 (iédimNURdetl/leR (1 —g-exp (LRNF)» :
v 2

v>0

A (TY, V) : = A(TYe, VI . R, (N, vV) € @2(¥4, ©),

chg(E) : =Tr [g exp (2LRE>i|

= ZTr [exp( REv +2mvt>] e Q¢ 0).

(1.19)

The sign convention in A\g(N B V%) is that the degree O part is given by
Hv>0(2i Sin(n vt))—% dim NSQ‘

The forms in (1.19) are closed forms on Y#$ and their cohomology class does
not depend on the S!-invariant metrics g”", h¥ and the connection VZ. We
denote by K(T Y8), Kg (TY), chg(E) their cohomology classes, two of which
appear in the equivariant index theorem [9, Chapter 6].
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Comparing with (1.19), if » € ' acts on L, by multiplication by /', we
write

chy (L2 := exp <4LRL|yg + inlt) € Q*(Y¢,0). (1.20)
T

We denote by

Tdg(VTY, VL) := A (TY, V) chy (L2, (1.21)

Note that the natural lift of g = ¢2™/' on S(T'Y, L) over Y5 lis given by
1_[ 1_[ (cos (vt) + sin (wvt) ¢ (egj_l) c (e%)) LS (1.22)
v

where {eV}; is an oriented orthonormal frame of N,. This explains the sign
convention in (1.21).
If g € A, we have the decomposition of real vector bundles over Y8,

TY|ye =TY*® @ N, (1.23)

0<6<m

where N (0) is areal vector bundle over Y& which has a complex structure such
that g acts by multiplication by ¢! if 6 # ; or an even dimensional oriented
real vector bundle on which g acts by multiplication by —1 if 6 = . We fix
the orientation on Y¢ induced by the orientations on ¥ and on N (6). Then we
can still define ch, (E) as in (1.19). Let g act on Lys by multiplication by et
0 < 6’ < 27. Now the lift of the g-action on S(T'Y, L) over Y is given by

LT3 E)e o)

0<O<m j

and € =1or—1, (1.24)

where {e?} j is an oriented orthonormal frame of N (). From (1.24), the
sign convention of Td (VTY VL) in (1.21) is that its degree O part is given

by €[Toep<x (2i sin(® /2))~24imN@©),i0'/2  This situation is only used in
Sects. 1.3, 1.5 and 3.2.
We explain now the construction of Chern—Simons classes. Let

TY; =(TY.g;".V]"), Lj = (L.h%, V}), and
Ej = (E,h%,V}) forj=0,1 (1.25)
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be equivariant geometric triples over Y as in (1.14).

Letw : (v,5) € Y x R — y € Y be the obvious projection. Then the
S'-action lifts naturally on ¥ x R, by acting only on the factor Y. Let g” I¥
B L and h™ " E be the S'-invariant metrics on 7*T'Y, 7*L and 7*E over ¥ xR
such that for j =0, 1,

Y vy = gJTY, Ly = hf W E ) = hJE- (1.26)

Let V¥ *TY, V7L and V7'E be the S!-invariant Hermitian connections on
(*TY, g 1Y), (x*L, W L) and (x*E, h™ £) such that for j = 0, 1,

VI vty = Vi1 VT vy = Vi VT vy = V7

i (1.27)

Let 7*E = (w*E, h™ E, V™ E) be the associated geometric triple on ¥ x R.
If @« = g+ ds A o with g, a1 € A*(T*Y), put

()% = ay. (1.28)

For g € S!, the equivariant Chern—Simons classes &g(@, Ey),
Tdg(VIY, VE, VIV, vE) € Qo4d(y¢, C)/Imd are defined by

1
&h o (Eg, E)) = / {ch,(T*E)}**ds € @°4(Y8, C)/Imd,
- 0
Td o (V§Y, v, v, v

1
:f {Td(v7 TV v Lydsgs € Q04 (y8, C)/Imd. (1.29)
0

Moreover, we have

d chy(Eo, E1) = chg(E1) — chg(Ep),

dTd (VY v, vIY, vE) = Td (VIY, vE) — Td (V1Y , V). (130
Note that the Chern—Simons classes depend only on V", V% and V} for
j =0, 1 (see [48, Theorem B.5.4]).

Let ng(TY;, Lj, E;) for j = 0, 1 be the equivariant reduced n-invariants
associated with (T Yj_,L j» E;j). The following variation formula is proved in
[42, Proposition 2.14] (see also [43, Theorem 2.6]), which extends the usual
well-known non-equivariant variation formula for n-invariants (cf. [5, p. 95]
or [18, Theorem 2.11]).

Recall that for a finite dimensional virtual S'-representation V, we denote
its character by xvy (cf. (0.26)).
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Theorem 1.4 There exists V € R(S') such that for any g € S,

=f Tdg (V{7 V§ VI, V) chy(Ep)
Ye -

+/ Tdo(VEY . Vg (Bo ED + xv(®).  (13D)
Y8

1.4 Embedding formula for equivariant p-invariants

Recall that {Yo‘f ] Jaems is the set of the connected components of Y3 "and Ny

is the normal bundle of Yof1 in Y. We consider N, as a complex vector bundle
and denote by N}f the underlying real vector bundle of N, . Then N}} QrC =
Ny & Ng. Let kY be the Hermitian metric on N induced by gN“.

Let C(NE) be the Clifford algebra bundle of (NE, g¥). Then A(N) is a
C (NE)-Clifford module. Namely, if u € Ny, let u* € N: be the metric dual
of u. The Clifford action on A(NZ) is defined by

cw) = V2u*A, c@) = —2iz foranyu € N,. (1.32)

Here A, i. are the exterior and interior products on forms.
Set

Ly =L|, ¢ ® (det No)~". (1.33)

Then TIYaSl has an equivariant Spin® structure as cloz(TY‘fl) = c1(Ly) €
HZ (Y7, Z)ymod (2) (cf. [47, (1.47)]). Let S(TYS, L) be the associated

fundamental spinor bundle for 7Y, " such that

S(TY,L)|,s =STYS  Ly) @ A*(ND). (1.34)

ys' =

As in (1.10), formally, we have

STV Ly) = So(TYEH @ L2 5 @ (det Np) ™72, 135
A*(N2) = So(NE) ® (det Ny) /2. '

Let V¥V be the Hermitian connection on (N, 2" ) induced by vV in (1.17).
Note that the equivariant geometric triple Ny = (Ng, hN, V") induces the
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equivariant geometric triples A" (N}), AOdd(Ng';) and det N, . Denote by

A_1(NZ) = ASN(NF) — AN,

1.
)\._](N:) — Aeven(N:) —AOdd(N:). ( 36)

Let Ly be the equivariant geometric triple induced from (1.33).
From [14, (6.26)], we have

ch, (x_l(N;)) = R (NF, VNV~ chy ((det Ny)™'7) . (1.37)
From (1.19)-(1.21), (1.33) and (1.37), on Yo‘fl, we have

R 1
Tdg (V7Y , V) ch, (A,I(N;)) =AY VT ) ch, (L;/Z)

1
= Td, (v”as , vLa> : (1.38)

We call F a trivial S'-equivariant vector bundle over Y if there is a finite
dimensional S!-representation M such that F = ¥ x M with the S'-action on
F by g(y, u) = (gy, gu).

Let (i, h*) be an Sl—equivariant Hermitian vector bundle over ¥S' with
an S!-invariant Hermitian connection V#. Let ¢ : ¥5' — ¥ be the obvi-
ous embedding. In the following, we describe the geometric construction of
Atiyah—Hirzebruch’s direct image 1 € K°(Y) of  for the embedding in K -
theory [2], [24, §1b]. It will be clear from its construction that it is compatible
with the group action.

Forany § > Osetly s :={Z € Nf} : |Z| < 8}. Then there exists g > 0
such that the exponential map (y, Z) € fo — exp;/ (Z) is a diffeomorphism

between Uy, 2¢, and an open S 1 -equivariant tubular neighbourhood of Y aS Yiny
for any «. Without confusion we will also regard Uy, 2, as this neighbourhood
of ¥ "in Y via this identification. We choose €0 > 0 small enough such that
for any o # B € B, Uy, 260 N Up 260 = 9.

Let gy : Ny — Y(f " denote the projection of the normal bundle N, over
Y(fl. For Z € NE}, let ¢(Z) € End(A°®(N})) be the transpose of the canonical

Clifford action ¢(Z) on A‘(N;) in (1.32). In particular, for u € Ny, let i* €
N be the metric dual of it € N, then

) = V2i,, &) =—v2i*A. (1.39)
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Letm;(A®(N})) be the pull back bundle of A®*(N;) over N,,.Forany Z € N}f
with Z # 0, let ¢(Z) : ml (A0 (N*))| ; — 7 (ACdd/even(N*))|; denote
the corresponding pull back isomorphism at Z.

As S! acts trivially on ¥ 1, we can just apply [41, Chapter I, Corollary 9.9]
for each weight part to see that (cf. also [55, Proposition 2.4]) there exists an
S1-equivariant vector bundle F, over Y(f " such that A¥en (N}) ® o @ Fy with

. N L 1
Mo = ]y si, 18 a trivializable S1-equivariant complex vector bundle over Yo‘f
o

with the Sl-equivariant trivialization map ¢, : Yof 'y My — AYV(N}) ®
Ue @ Fy. Then

V—1E(Z) ® njldE, : w (AT (NG) @ o ® Fo)lz
— 7 (AN @ o ® Fo)lz (1.40)

induces an S!-equivariant isomorphism between two S!-equivariant vector
bundles over Z/la,zgo\Y(f l. By adding trivial Sl—equivariant vector bundles for
the part Fy, we can also assume that M, = Mg = M for any a # B € ‘B.
Now the identification 7} (A" (N}) ® uq @ Fo) (resp. n;‘(AOdd(N&") ®
Mo © Fy)) with (Y\ Uy Uy,eq) X M on Uy 269 \Ua, e, via the map ¢, (resp.
W—1e2)® myldF,) o ¢y) defines an S I_equivariant vector bundle £, (resp.
&_) over Y. Moreover the identity map of the above trivializations of &4 and
&_ over Y\ Uy Uy ¢, extends smoothly the map (1.40)toamap v : £ — &_.
Thus for each a € B, there exists an S!-equivariant vector bundle F, over
Y5' such that

Exly ey = T (AU ND) @ phor @ Fo)lugy e,

— (1.41)
v|ua,2so = —IC(Z) @ ﬂ;IdFa,

and the restriction of v to Y'\ Uy Uy 2¢, is invertible. Then the direct image of
W by ¢ is given by
wp =& —& € K°(Y). (1.42)

By a partition of unity argument, we get a metric h® = hé+ @ hé- over ¥
such that

h§i|ua’£0 _ 7'[; (hAeven/odd(N;)(g)Ma ® hFD,) , (]43)

(1,8()
dd . . . .. .
where B2 (N)® e i the §'-invariant Hermitian metric on A ¢ven/odd (N)H®

e induced by 2V and A*. Again by a partition of unity argument, we getan S'-
invariant Z,-graded Hermitian connection V& = V&+ @ V&~ on& = &, @ £_
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over Y such that

: (1.44)

o,e)

even/odd ¢ a7
Vétly, , = (VAT D g v

/odd . o )
where VA" (Ne)®la ig the Hermitian connection on A€Ven/0dd (N}) ® g

induced by VV and V*. We denote now
£ = (£, h™, V5) over 1. (1.45)

An equivariant extension of the Bismut—Zhang embedding formula [24,
Theorem 2.2] (cf. also [28, Theorem 4.1] or [30, Theorem 2.1]) for n-invariants
was proved in [43, Corollaries 3.8, 3.9]. The following result follows from [43,
Corollaries 3.8, 3.9] applied for G = S!, g € '\ A.

Theorem 1.5 There exists V' € R(SV), such that for any g € S'\ A,

To(TY. L&) —7y(TY, L& >—an<T Lo, 1) + xv/(g). (1.46)

Remark that when [43, Theorem 3.7] is applied in the case when the base
space is a point, V' is an equivariant spectral flow of a family of deformed
Dirac operators on Y with a pseudodifferential operator perturbation obtained
from the corresponding perturbation of the Dirac operator on Y'8. Since for any

geSNA, Y8 = Y5 does not change, thus V' does not depend on g € S'\ A.

Remark 1.6 Note that in the general setting of [43, Theorem 3.7] for the
embedding i : ¥ — X, there is an additional term, the equivariant Bismut—
Zhang current. Note that the equivariant Bismut—Zhang current is defined for
the normal bundle of Y8 in X&. In our case, since (Y8)8 = Y&, this term is
Zero.

1.5 Comparison of equivariant z-invariants

In this subsection, we review the comparison formula for equivariant n-
invariants in [45], which is an extension of the result of [37] and the analogue
of the comparison formulas for the holomorphic torsions [19] and for the de
Rham torsions [20].

For K € Lie(S"), let KY(x) = %‘120 ¢'X . x be the induced vector
field on Y, and Lx be the corresponding Lie derivative given by Lxs =

% ‘t:O (e_’K. s) fors € €°°(Y, E) (cf. (1.11)). The associated moment maps

@ Springer



Differential K -theory and localization formula 567

are defined by [9, Definition 7.5],

m®(K) := Viy — Lx|g € € (Y, End(E)),

(1.47)
m" Y (K) ==V} — Lglry = VI KY € €Y, End(TY)),

where the last equation holds since the Levi-Civita connection V77 is torsion
free.

Let Rllg and RIT(Y be the equivariant curvatures of E and 7Y defined in [9,
§7.1]:

RE = RE —2izm®(K), RE' =R™" —2izm™Y(K). (1.48)
Observe that m”Y (K)|ys commutes with the circle action for any g € S L
Then it preserves the decompositions (1.16) and (1.23). Let mTY* (K),m"™ (K)

and m™v (K) be the restrictions of m”Y (K)|ys to TY$é, N® and NEQ. Similarly,
mE (K)|ys preserves the decomposition (1.18). We define the corresponding

equivariant curvatures R1T<Y * and R,’\(/lR as in (1.48). The following definition is
an analogue of Definition 1.3 and (1.20).

Definition 1.7 For g = ¢*™ € §', K € Lie(S'), | K| small enough, set

i TYS
Ak (TY, VI .= det!/? L S ,
’ sinh (.= RE"*)

. -1
X <i£dim[\ﬂRdetl/2 (1 — g-exp (;—R%R)>) € Q*(Y¥,0),
T
chg k (E) :=Tr [g exp (2’—R,€>] € Q*(Y¢,0). (1.49)
T

Let Rllg be the corresponding equivariant curvature of L. For g € S'\ A, as in
(1.20), we define

chg k(L% : = exp (ﬁR,@M + inlt) . (1.50)

For g € A, as we discussed after (1.23), we replace i/t by %0’ in (1.50). As
in (1.21), we denote by

Tde x (VTY, VE) := Ak (TY, VTY) chy k (L'/?). (1.51)

Certainly for K = 0, Ag x(-) = Ag(-) and chy g (-) = chg(-).
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For K € Lie(S!) set
dg =d —2imigy. (1.52)

Then by [9, Theorem 7.71, Ag x (TY, V), chy x(E) and chg g (L'/?) are
dg-closed.
For K € Lie(S!) let ¥x € T*Y be the 1-form which is dual to K'Y by the
metric gTY, 1.e.,
Ok (X) = (KY,X) forX e TY. (1.53)
For g € S!, K e Lie(S"), |K| small enough, set (cf. [16, Definition 1.7])

Mg,K(ﬂ’ La E)

oo i) dg 9
— _/ / _K exp v K K ng K(VTY, VL) Chg K(E) dv'
0 ve 2T 2im ’ ’

(1.54)

Note that if g € ST\ A we have Y& = YS' from (1.6), thus
¥x =0onY®and M, x(TY,L,E) =0forg € ShA. (1.55)

By the argument of [38, Proposition 2.2], M, x ('Y, L, E) is well-defined
for | K | small enough. Moreover, for K € Lie(S!), s € Rand |¢| small enough,
Mgk (LY, L, E) is smooth at ¢ # 0 for ¢ € A and there exist ¢;(Ko) € C
(j € N*) such that as t — 0, we have

(dim Y€+41)/2
Mo TY, L Ey=" > cj(Ko)™ + 0", (1.56)
j=1

In the following definition of the equivariant infinitesimal n-invariant, the
operator v/t DY®E + % was introduced by Bismut [12] in his heat kernel
proof of the Kirillov formula for the equivariant index. As observed by Bismut
[13, §1d), 3b)] (see also [9, §10.7]), its square plus Ly is the square of
the Bismut superconnection for a fibration with compact structure group, by
replacing K'Y by the curvature of the fibration, thus Ng,k in (1.57) should be
understood as certain universal n-forms of Bismut—Cheeger [17, Definition
4.33].
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Definition 1.8 [45, Definition 2.3] For ¢ € S!, K € Lie(S') and |K| small
enough, the equivariant infinitesimal (reduced) n-invariant is defined by

Tr[g(DY@aE—@)

+oo
Hex(TY, L, E) = f
0

2/t 4¢
c(KY)\?
- exp (—t (DY®E+ p» ) —EKyﬂdt

1
+§ Tr |Ker(DY®E)[geK] € C (1.57)

From (1.15), (1.54) and (1.57), we know that g o(-) = 74(-), Mg 0(-) = 0.

The following two theorems are special cases of [45, Theorems 0.1, 0.2],
which extend Goette’s result [37, Theorem 0.5] as an equality of formal Laurent
series in ¢t at t+ = 0 when g = 1 and Kg does not vanish on Y. Here the
equivariant n-forms are just equivariant n-invariants and the compact Lie group
is S1.

Theorem 1.9 Fix K € Lie(S'), g € S!. There exists B > 0 such that for
t € Rand |t| < B, the equivariant infinitesimal n-invariant ng ;x,(TY, L, E)
is well-defined and is an analytic function of t. Furthermore, as a function of
t near 0, ¢(dim Yg“)/z./\/lg,tKo (TY, L, E) is real analytic.

Theorem 1.10 Fix 0 # K € Lie(S!). For any g € S, there exists B > 0
such that for |t| < B,t % 0, we have

Ng.1ko(LY, L, E) = My,x0 (LY, L, E) + Mgk, (TY, L, E).  (1.58)

Since 7, 1k, (LY, L, E) is an analytic function of ¢, when t — 0, the singu-
larity of Ngetko (TY, L, E) is the same as that of — M, (Y, L, E)in (1.56).
Thus from Theorem 1.10, we know 7, (T'Y, L, E) as a functionof g € § 1 is
analytic on Sl\A,moreover, atg € A, ﬁgetKO (ITY,L,E)+Mgk,(TY,L, E)
on 0 < |f| < B can be extended as an analytic function on |f| < 8.

2 Differential K -theory

K -theory and the A-ring structure were first introduced by Grothendieck in
1957. The arithmetic K-theory in Arakelov geometry was introduced by
Gillet-Soulé in [35]. It extends Grothendieck’s K -theory by adding Hermitian
metrics on holomorphic vector bundles and differential forms of type (p, p)
modulo Im 3 + Im 8. In the same way as the topological K -theory of Atiyah
and Hirzebruch is the % *°-version of Grothendieck’s K -theory, also the differ-
ential K-theory introduced by Freed—Hopkins [31] and developed further by
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Hopkins—Singer, Simons—Sullivan, Bunke—Schick, Freed-Lott, etc. is a °°-
version of the arithmetic K-theory. It extends the topological K-theory by
adding Hermitian metrics and connections on vector bundles and differential
forms modulo exact forms.

Note that the A-ring structure on the arithmetic K -theory was introduced by
Gillet—Soulé [35, Theorem 7.3.4] and exploited in detail by Roessler [53,54],
who studied also the associated y -filtration.

In this section, we start to exploit the A-ring structure on the vector space
of even degree real closed forms on Y and on its direct sum with the space of
odd degree real forms modulo exact forms. Then we study its compatibility
with the Chern forms and Chern—Simons classes of geometric triples. With this
preparation, we can equip the differential K -theory with a pre-A-ring structure.
An important result is that the associated y -filtration is locally nilpotent.

We consider the circle action on Y now. Recall that N is the normal bun-
dle of Y5 1, the fixed point set of the circle action, in Y. When we apply the
above results to our g-equivariant differential K -theory I/(\g(Y § 1), it implies
that A_ | (N*) := Zi>0(—1)iAi (N'*), the exterior algebra bundle of N* with
corresponding metric and connection, is invertible in I/{\(g)(YS h 1(g)» the local-
ization of I/(\g(YSI) at the prime ideal 7 (g) of R(SY). This result allows us to
define the counterpart of the n-invariant on the fixed point set.

This section is organized as follows. In Sect. 2.1, we define the pre-A-ring
structure and study some examples. In Sect. 2.2, we construct the pre-A-ring
structure in differential K -theory. In Sect. 2.3, we study the locally nilpotent
property of the y-filtration in differential K -theory. In Sect. 2.4, we define
the g-equivariant differential K -theory and explicitly construct the inverse of
A_1(N*) at differential K -theory level.

2.1 Pre-A-ring structure

Definition 2.1 [10, (1.1)—(1.3)] For a commutative ring R with identity, a pre-
A-ring structure is defined by a countable set of maps A" : R — R withn € N
such that forall x, y € R,

@ 2°(x) =1;
(b) A'(x) = x; . ,
© A" +y) = 3o M O ().

If R has a pre-A-ring structure, we call it a pre-A-ring.

Remark that in [8, §1] the pre-A-ring here is called the A-ring.
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If ¢ is an indeterminate, we define for x € R,

A (x) = an(x)t". 2.1)

n>0

Then the relations (a), (c) show that A; is a homomorphism from the additive
group of R into the multiplicative group 1 + R[[#]]™, of formal power series
in ¢t with constant term 1, 1.e.,

A(x 4+ y) =X (x)A(y) foranyx,y € R. 2.2)

Now we study some pre-A-rings which we will use later.

Let Y be a manifold. Let Z¢¥*"(Y, R) be the vector space of even degree
real closed forms on Y. We define the Adams operation WX : Z¢Ve" (Y, R) —
Z% (Y, R) for k € N by

Uk(x) = klx for x e Z2(Y,R). (2.3)

For x € Z°*"(Y, R), we define

X V=1 gk k
k() = Y A0 = exp (Z( DA A ) 2.4)

k
n>0 k=1

From the Taylor expansion of the exponential function, we have A%(x) = 1
and A (x) = x. Since

S -1 k—lqjk + [k
M(x +y) =exp (,; ) k(x y) )
O k= lwh ok & (k- wk (y) gk
:exp(Z( ) , @t 3~ D , W1 )
k=1 k=1
= ki (0)Ae(y), (2.5)
we have
M+ y) =) 2 AT (). (2.6)
j=0

Thus (2.4) gives a pre-A-ring structure on Z¢°"(Y, R).
Consider the vector space (comparing with [35, §7.3.1])

L(Y) =22, R) & (Y, R)/Imd) . (2.7)
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We give degree / > 0to Z* (Y, R) @ (Q¥~ (Y, R)/Im d) with Q71 (-) = {0}.
We define a pairing on I"(Y') by the formula

(w1, ¢1) * (W2, P2) == (W1 A w2, w1 A2+ P1 Awr —dPyr A d2).  (2.8)

It is easy to verify that this pairing is commutative and associative. Since * is
clearly bilinear and (1, 0) is a unity, the pairing * defines a graded associative,
commutative and unital R-algebra structure on I'(Y) (comparing with [35,
Theorem 7.3.2]). We define the Adams operation vk . T(Y) - I'(Y) for
k € N (cf. [35, §7.3.1], [54]) by

Uk (a, B) = (K'a, K'B) for (a, B) € Z% (Y, R) & (%~ (Y,R)/Imd).
(2.9)

By using the pairing * to replace the multiplicity in (2.4), similarly as
7%V (Y, R), we obtain a pre-A-ring structure on I'(Y).

Let p be the projection from I'(Y) to its component Z¢V*" (Y, R) and ; be
the following injection:

p:TY)— ZY"(Y,R), (w,¢)+— o,

2.10
J:Z9Y,R) > T'(Y), o+ (w,0). (2.10)

By (2.8), p, j are homomorphisms of pre-A rings, in particular,
W (w, 0) = W w),0). (2.11)

Let G be a Lie group and g its Lie algebra. A polynomial ¢ : g — C is
called a G-invariant polynomial if

(p(Ad(g_l)A) =@p(A), foranyge G, A €g. (2.12)
The set of all G-invariant polynomials is denoted by C[g]°.
Let U(r) be the unitary group with Lie algebra u(r). For A € u(r), the
characteristic polynomial of —A is

det(t] + A) = 1" + (A" 4+ -+ ¢, (A). (2.13)

Socj € Clu()V® for 1 < j < r. It is well-known that Clu()]Y®) is
generated by cy, ..., ¢ as a polynomial ring:

Clu(M?™ = Cley, ..., ). (2.14)
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Let 7" = {(e!", ..., e") : 11, ..., 1 € R} be a maximal torus of U (r) with
Lie algebra t". Then

c1” =Cluy, ..., url, (2.15)
where u j(x) = ix;, for any x = Z;-:l X; ai[j o€ T.(T") =t". Let

0:T" — U@r), (¢",..., ¢") — diag(e™, ..., ") (2.16)

be the diagonal injection, here diag(---) is the diagonal matrix. It is well-
known that

6* : Clu)V" — i1’ =] (2.17)

is an injective homomorphism and
0%(cp) =0jur,..oup), 0% (CluI’®) =Cloy,.... 0], (218)

where o is the j-th elementary symmetric polynomial. We define the Adams
operations for any k € N

Wk Clur) 1V — Clum v, W) = kic;;

r , (2.19)
vk - e’ WK ;) = ku;.

By constructing A" as in (2.4), C[u(r)]Y ") and C[¢ 1" are equipped now with
pre-A-ring structures.

Let E be a complex vector bundle over Y of rank r. Let 1 be a Hermitian
metric on E. Let VE be a Hermitian connection on (E, h£). We also denote
by E = (E, h*, VE) the geometric triple for this non-equivariant setting. For
¢ € Clu(r)]Y ™, we define the characteristic form ¢(E) by

0(E) = ¥re (—R¥) € 221, 0), (2.20)
where 1y : QV(Y, C) — Q" (Y, C) is defined by
Yyw = Qin) o forw e Q% (Y, C). (2.21)

Then by the Chern—Weil theory (cf. [48, Appendix D]), ¢(E) is closed. More-
over, p(E) € Q%" (Y, R) if ¢ € Rlu(r)]Y®.
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The triple E induces a homomorphism of rings
£ Clum]”" — Z9N(Y, C), ¢ > (). (2.22)

Let n*E = (n*E,h™ E, V™ E) be the triple defined in Sect. 1.2 with-
out the group action. As in (1.29), the Chern—Simons class a(@, Ep) €
Qodd(y, C)/Imd is defined by (cf. [48, Definition B.5.3])

1
PlEn £ i= [ (o E)Pds e U O imd. @23
0

Then by [48, Theorem B.5.4],
d@(Eo, E1) = ¢(E1) — ¢(Ep), (2.24)

and the Chern—Simons class depends only on V0 and V£1,

Lemma 2.2 Let Ej = (E, h%, V) for j = 0,1,2. Let ¢, ¢ € Clu(r)]Y .
Then we have

(@) ¢(Eo, E2) = ¢(Eo, E1) + ¢(E1, Ep);

(b) ¢ + ¢'(Eo, E1) = @(Eo, E1) + ¢'(Eo, E1);

(©) 9¢'(Eo, E1) = @(Eo, EN¢'(E1) + ¢(Eo)¢'(Eo, E1);

(d) (¢(ED), 9(Eo, ED) * (¢'(E1), ¢'(Eo. E1)) = (9p@'(ED), 99’ (Eo, E1)).
Proof By (2.23) and the Chern-Simons classes do not depend on the choice of

the paths of connections, (a) and (b) are obvious. Let 7* E| be the pull-back
of the triple £1 on Y x R. Then ¢'(n*E1) = 7*¢'(E}). Thus by (2.23),

09/ (Eo, E1) — §(Eo, ED¢'(E1)

1 ds
=/0 {fp(n*_E)(fp/(ﬂ*E)—w’(n*ﬂ))} ds

1 s
:/ {a"® (o E)g'(x*Ev, ff*—E)]}d ds
0

1
— f (o E)g (r*Ey, 2 )} ds
0

(2.25)

- 1
* * *
+ (T E)¢' (7" Eq, M)|Yx{t} =0

From (2.25), we get (c).
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We establish (d) now. From (2.8), (2.24) and (c), we have

(P(E), #(Eo, ED) * (¢/ (1), ¢'(Eo, E1)
= (¢(ED¢' (E. ¢(ED (Eo, ED) + §(Eo, ED¢/(ED)
~(P(ED) — 9(Eq)¢(Eo, E1))
= (¢9¢/(E1). 9¢'(Eo. E1)). (2.26)

The proof of Lemma 2.2 is completed. O

As in (2.22), the triple 7*E induces a map
fE: Clum V" - 1Y), ¢+ (p(E1), §(Eo, E1)). (2.27)
It is a ring homomorphism by Lemma 2.2.

Lemma 2.3 The ring homomorphisms p, 0%, fg and fE in the following
diagram are all homomorphisms of pre-A-rings,

r(Y) e Clumv® -2 ey

|

Zeven(y, R).
Moreover, we have

fe, =po fE. (2.28)

Proof From (2.3), (2.9), (2.10), (2.17), (2.19), (2.22) and (2.27), we see that
all homomorphisms here commute with the corresponding Adams operations.
So by (2.4), they are all homomorphisms of pre-A-rings.

The relation (2.28) follows directly from (2.22) and (2.27).

The proof of Lemma 2.3 is completed. O

By (2.18), (0*)~'(H) € Clu(r)]Y" is well-defined for any homogeneous
symmetric polynomial H in uy, ..., u,. We define the Chern character to be
the formal power series

o0 r

ch = Z(@*)—l(% u’;). (2.29)
k

=0 Cj=1
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It is easy to see that

o0 r

fe(eh) =Y fpo @7 (5 Youh) (230)
k=0 =1

is the same as the canonical Chern character ch(E) in Definition 1.3 forg = 1.
Since the manifold is finite dimensional, the right-hand side of (2.30) is
a finite sum. In this paper, we only care about the characteristic forms. We
could apply 6* and A’ on ch formally and obtain the rigorous equality of the
characteristic forms after taking the map fg.
From this point of view we write

ch = (0*)_1(Zexp(uj)). 2.31)
j=1

From Lemma 2.3, (2.4), (2.19) and (2.31), we have

0* o A;(ch) = A, ( Z eXp(uj)>
j=1

=exp| ) %(—l)k_ltklllk(Zexp(uj))
k=1

j=1

= exp <Z Z %(—l)k_ltk exp(kuj))

j=1k=1

— exp <Zlog(1 + texp(uj))) = [T +rexpy)).  2.32)

j=1 j=1

From (2.32), we get the following equality (comparing with [35, Lemma
7.3.3]),

A*(ch)(E) = ch(A¥(E)) € Zo°(Y, R). (2.33)
Lemma 2.4 The following identity holds,

A ((eh(ED), h(Eo, En) = (ch(A*(ED), ch(ak(E), AM(ED)) € D).
(2.34)
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Proof From (2.23) and (2.33), we have modulo exact forms,

—_—

1
M (ch)(Eo, E1) = / (W ey (@ * E)) ¥ ds
1 ’ -
= / {ch(AF(z*E))) ¥ ds = ch(AX(Ey), AM(E1)).  (2.35)
0

So from Lemma 2.3, (2.27), (2.33) and (2.35), we get

A (ch(Ey), ch(Eo, E1)) = A (fe(ch)) = fe(*(ch))

—_——

= (M (eh)(ED), 2 (ch)(Eo, E1))

= ((ch(a*(ED), chak(Eo), AF(ED) ). (2.36)

The proof of Lemma 2.4 is completed. m|

2.2 Pre-A-ring structure in differential K -theory

We introduce now a pre-A-ring structure for differential K-ring. It can be
understood as the differential K-theory version of the pre-A-ring structure for
arithmetic K -theory in [35, Theorem 7.3.4].

Let Y be a compact manifold.

Definition 2.5 [32, Definition 2.16] A cycle for the differential K-theory of
Y is a pair (E, ¢) where E is a geometric triple and ¢ is an element in
Qodd(y R) /Imd. Two cycles (Ej, ¢1) and (E2, ¢2) are equivalent if there
exist a geometric triple E3 and a vector bundle isomorphism

P EIDE—~> E2®E3 (2.37)
such that
ch (E1 @ E3, ©* (E2 ® E3)) = ¢2 — ¢1. (2.38)

We define the sum in the obvious way by

(E.9)+(E V) =(EDFE, ¢+ V). (2.39)

The differential K -group KO (Y) is defined as the Grothendieck group of equiv-
alence classes of cycles.
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We denote by [E, ¢] the equivalence class of a cycle (£, ¢). Then

KO ={[E— Ei,¢ — 1] : (E, ¢), (E1, ¢1) are cycles as above
(2.40)

and I?O(Y) is an abelian group. For [E, ¢], [F, ¥] € I?O(Y), set
[E.$]ULE, ¥] = [E® F,[(ch(E), @) % ch(E), Wloaa |, (24D)

where [-]oqq 1s the component of I'(Y) in QOdd(Y , R)/Imd. It is easy to check
that this product (2.41) is well-defined, commutative and associative (cf. also
Lemma 2.15). Let C be the trivial complex line bundle over Y with the trivial
metric and connection. Then the element

1:=[C,0] (2.42)

is a unity for the product U. Thus (K O(Y), +, U) is a commutative ring with
unity 1. R

From (1.30), (2.37) and (2.38), we see thatif [E, 0] = [F, 0] € KO(Y), we
have

ch(E) = ch(F) € Q*(Y, R). (2.43)

Theorem 2.6 There exists a pre-A-ring structure on K o).

Proof Let (E, ¢) be a cycle. Observe that (ch(E), ¢) € I'(Y). Since I'(Y) is
a pre-A-ring, we define

WE, ¢) = (A(E), [M*(ch(E), $)]oda)- (2.44)
It is clear that
WE ¢)=1, 1(E.¢)=(E. ¢). (2.45)
By (2.33), (2.39), (2.41) and (2.44), we have for any cycles (£, ¢) and (F, ¥),
W(E. @)+ (E )= EDF.¢+)

= (A*E® ). DX CE® F), ¢+ ¥)oaa)

k k
=Y _AlE) e A, [Z M (ch(E), ¢) % M~ (ch(F), w>}
odd

j=0 i=0
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(v @ o x @).[(on (8 2). [ 0 ). 0)] )

(e (T 0) [ 5.9y )] )
(A7 (E). [ h(E), §)loaa) U (AT (B), 24 (ch(E), ¥)loaa)

'M”

~
Il
o

'M’*

~
I
(=)

k
=Y M(E ¢ UATE P, (2.46)
j=0

where the second equality is implied by (2.44), the third equality follows from
Definition 2.1¢) and the pre-A-ring structure on I'(Y), the fourth equality is a
consequence of the fact that p in (2.10) is a homomorphism of pre-A rings,

A (h(E), ¢) = ( (ch (E)). [ (ch (E).9)] ) (2.47)

and (2.33), the last two equalities followsA from (2.41) and (2.44). So we only
need to prove that 1K is well-defined on K°(Y).
If (E1, ¢1) ~ (E2, ¢2), there exist E3 and an isomorphism @ : E; @ E3 —
E> & E3 such that
ch ((®~")*(E, @ E3), E; @ Es)
= ch (E| ® E3, ®* (E2 ® E3)) = ¢2 — 1. (2.48)

From (2.34), (2.44) and (2.48), we have

M (E @ Es, ch (E1 @ E3, 9*(E2 ® E3)))
= (A (B2 @ E3) ., [ (ch(E2 @ Eo). b (@) (E1® En). E2 @ E3))] )

= (A% (B2 E5) & (@) A By @ Ba), A (B2 @ ) ). (2.49)

By Definition 2.5, (2.11), (2.44) and (2.48), we get

MEL® B3, 0) = (A (E1 @ Es) . [ (ch(E1 @ B9, 0) | )
= (A (E1 8 E3).0)
~ (A (B2 @ Es) b (07" ARE @ Ea), A (E2 @ E3)) ). (250)
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From (2.49) and (2.50), we get
W(E) @ E3,0) ~ 2 (Ey @ E3, ch (E| © E3, ®*(E2 @ E3))).  (2.51)
Since for j =1, 2,

M(Ej © Es, ¢)) = M((E; ® E3,0) +(0,9;))
=M (E; © E3,0) U0, ¢)), (2.52)

by (2.46), (2.48) and (2.51), we have

k
M(EL ® E3, ¢1) = ) A (E1 @ E3,0) UA (0, 1)
i=0
k

~ Y N (E2 @ Es, 2 — ) UN (0, 01) = (B2 @ E3, ). (2.53)
i=0

By (2.46), forany k > 1, j = 1, 2, we have

k
MW(E; @ Es, ¢)) = ) M (Ej, ¢j) UA T (E3,0). (2.54)
i=0

Note that A'(E1, ¢1) = (E1. ¢1) ~ (E2, ¢2) = A (E2, ¢2). We assume that
M(E1, ¢1) ~ M (Ea, ¢2) holds forall 1 <i <k — 1. Then

k—1 k—1
Y N(E1, ¢ UM T (E3, 0) ~ ) 2 (Ea, o) U (E3, 0. (2.55)
i=0 i=0

From (2.53)—(2.55), since A%(x) = 1, we get AF(E1, ¢1) ~ AK(E2, ¢2). So by
induction, for any k > 1, we have Ak (E1, é1) ~ Ak (E2, ¢2).
The proof of Theorem 2.6 is completed. O

Lemma7 Ifo : X — Y is a €% map of compact manifolds, then its
pull-back maps

o :T(Y) =T (X)), oc"w ¢)=(0"w oc*p);

R - 2.56
6*: KO(Y) > K°(X), 6*[E, ¢]=[0*E,o%¢], (220

are morphisms of pre-\-rings.
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Proof From (2.8) and (2.9), 0* commutes with the operators * and Wk thus
o* : I'(Y) —» I'(X) is a morphism of pre-A-rings. Now from (2.22) and
(2.23), we have 0* fg = fy+po*, $o* = o*§. From (2.44) and 0 *A¥(E) =
A¥(o*E), we get that the second map of (2.56) is well-defined and a morphism
of pre-A-rings. O

Remark 2.8 In [10, Chapter V], the A-ring is well studied, and needs two
additional conditions compared to Definition 2.1. It is well-known that the
topological K-group K%Y)is a A-ring (cf. [8, Theorem 1.5]). In [54], the
author proves that the arithmetic K -group is also a A-ring. It is natural to ask
whether the differential K-group K°(Y) is also a A-ring, and we will come
back to this question later. However, for our application here, the pre-A-ring
structure for differential K -theory is enough.

2.3 yp-filtration

Definition 2.9 [10, (1.25)] Let R be any pre-A-ring with an augmentation
homomorphism rk : R — Z. The y-operations are defined by

() =) Y =h e ). (2.57)

j=0
By Definition 2.1, we have

YVo=1, Y@ =x, nE+y) =p@n@), foranyx,yecR.
(2.58)

Definition 2.10 Let R be a pre-A-ring as in Definition 2.9. Set F" R := R for
n < 0and F'R the kernel of rk : R — Z. Let F" R be the additive subgroup
generated by "1 (x1) - - - ™ (x), where x1, ..., x;y € F'R and 21;:1 rj > n.
The filtration

F'ROF’*RDF3RD--. (2.59)

is called the y-filtration of R. The y-filtration is said to be locally nilpotent
atx € F!R, if there exists M (x) € N, such that y(x)---y"™(x) = 0 for any

Zﬁ':l rj > M(x).

Let Y be a compact connected manifold.

It is well-known that the classical y-filtration of K°(Y) is locally nilpotent
forany x € F'K°(Y) [1, Proposition 3.1.5] with the augmentation homomor-
phismrk : E — rk E, the rank of the complex vector bundle E. Since K oY)
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is a pre-A-ring, the augmentation homomorphism rk(E, ¢) := rk E defines a
y -filtration of K O(Y ).

We identify a geometric triple E to the cycle (£, 0). By (2.1), (2.11) and
(2.44), we have

ME) =) A B (2.60)
j=0

So yi (E), defined as in (2.57), is a finite dimensional virtual Hermitian vector
bundle with induced metric and connection. We also denote it by ¥’ (E).

Let k be the k-dimensional trivial complex vector bundle with trivial metric
and connection. Then F'K' O(Y) is generalized by cycles (E — rk E, ¢) for
¢ € Q°Y4(y, R)/Imd. By (2.42), (2.57) and (2.60),

t 1
(O =1 C)=1 -1 = . 2.61
(©=1+1, pO©=14r—" 1=— (2.61)

From (2.57), (2.58), (2.60) and (2.61), letting r = rk E, we have

VE—1kE) =By © " =1 (EYA -0 =) AE1 -0
i=0

r o r—i

=) > =1 (r ; i) N ()t

i=0 j=0

r k .
=3 (Z(—U"—f (; B i) Ai(§)> . (2.62)
k=0 \i=0

So
k =i [T =0\ ai :
(=1 A(E) ifO0<k<r=rkE;
PHE — k) = | Zi=0D (k—i) (B) HO=k=r=r
0 ifk >r.
(2.63)
Since A (x) = ¥1/(1++)(x), from (2.63), we have
M(E) = M(E—1KE) - (kK E) = J/#I(E—rk_E) ~(L+1)
- (1+z)’(1 +Zyi(§—rkE)ﬂ'(1+z)—"). (2.64)

i=1
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Formally, we have

"L . |
MET =1 4+07 (14 Xy E- kB (1 +07)
i=1

=(1+n" (1 + YDy E - kB (1 + t)i>j)

j=1 i=1

r

—aan 1At Y oS ST i )

r |
: n;.
k=1 (n1,eesny )N, [Tizi ni i=1

Yioyimi=k

(2.65)

To simplify the notations, we denote by

ME) T =0+ (1 + Y U+ (P (B) - Pk,_@))) :
k=1
(2.66)

by using (2.63) in (2.65). Remark that P 4 (E) here are finite dimensional
Hermitian vector bundles with induced metrics and connections obtained from
E. We denote by Py +(E) = Pr,_(E) = O0fork < 0and Py +(E) = C,
Py.—(E) = 0. From (2.64) and (2.66), we know that for any / € N*,

> VE —k B)(Pri (B) — Pi—(B)) =, (2.67)
i=0

as geometric triples.

The following theorem is the differential K-theory version of the locally
nilpotent property in topological K -theory [1, Propositions 3.1.5, 3.1.10]. The
corresponding arithmetic K -theory version was proved by Roessler [53, Propo-
sition 4.5].

Theorem 2.11 The y-filtration offO(Y) is locally nilpotent at |[E — 1k E, 0].
Explicitly, there exists Ny, > 0 (depending only on r, m) such that for any
geometric triple E on Y withr =tk E, m = dimY, and (ny,...,n,) € N
such that

r

> ini > N, (2.68)

i=1
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we have

Iﬁ@mg—mﬁﬁmm=[ﬁ@ﬂg—¢@YZﬂ:o€ﬂwy

i=1 i=1
(2.69)

Proof For any complex vector bundle F over Y, we get from (2.63) the y*-
operation on K%(Y) by forgetting the metric and connection,

k k=i tk F—i i . .
yH(F =tk F) = Yi—o(=1) < i )A(F)lfOSkfrkF,
0 ifk >k F.
(2.70)

From the classical property of the y-operation in K -theory [1, Propositions
3.1.5, 3.1.10], we know that there exists ay > 0 (depending only on Y) such
that

YD y2 () -y () =0 e KOY)
k
if x; € F'KO(Y).ij €N, Y ij > ay. (2.71)
j=1

Let E be a geometric triple on Y with r = rk E, m = dimY. Let U(E)
be the U(r)-principal bundle of unitary frames of the Hermitian vector bundle
(E, hE). Then U(E) x u)C" >~ E and hE coincides with the Hermitian metric
induced by the canonical inner product on C”. The Hermitian connection V£
corresponds uniquely to a connection w on U(E).

Let Gr(r, C?) be the Grassmannian, which is the space parameterizing all
complex linear subspaces of C? of given dimension r. Let V(p, r) be the
canonical U (r)-principal bundle over Gr(r, C?) with the canonical connection
g, whichis induced by the Maurer—Cartan form on U(p) on the U(r)-principal
bundle V(p, r)=U(p)/IxU(p—r)) = U(p)/(U@r)xU(p—r)) =GCr(r, CF)
via the canonical matrix decomposition of skew-Hermitian matrices. Let
H = V(p,r) xyg) C". Let hfl be the Hermitian metric on H induced by
the canonical inner product on C”. Let V be the Hermitian connection on
H induced by wg. Let rk H be the r-dimensional trivial vector bundle over
Gr(r, CP) with trivial metric and connection.

By a theorem of Narasimhan and Ramanan [50, Theorem 1], for

p=(m+1)2m+ ), (2.72)
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there exists a map f : Y — Gr(r,CP) such that f*V(p,r) = U(E)
and f*wo = w.Thus f*(H, h" V) = (E, hE, VE). Let f* : K°(Gr(r, CP)) —
K9(Y) be the pull-back map. From (2.11), (2.44), (2.57) and (2.63), we have

1 (v'aE - 0p)" = []‘[ (v'E&-kp)" ,0}

i=1 i=1

= f* {[l_[ (v — k)" 0” € K'). (273)

i=1
By (2.71) and (2.72), there exists a, , > 0 (depending only on r, m) such that

r

I (y"(H —rk H))"i —0e K%Gr(r, CP) it Y i -ni > arm. (274
i=1 i=1

From Definition 2.5 and (2.74), if Zlei -n; > arp,, there exists o €
Q044 (Gr(r, CP), R) such that

r

[TT(' ¢z -rcm)” 0] = 10,01 € RGri € (2.75)

i=1
and
—da =ch , (v —nem)")

i=1

= ﬁ (ch (yi(ﬂ - rk_H)) ) € Q" (Gr(r, CP), R). (2.76)
i=1

From (2.22), (2.33) and (2.62), we have

r

ch(y,(H —tk H)) = Y ch(A"(H))t' (1 — )"~
i=0

= > M ehEF A= =" fu(M ) A= (@277

i=0 i=0
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where fp is the map (2.22) with respect to H. From (2.32), we have

r r
Ze* oM (ch)ti(1 — 1) = Zai(eul, LD VAT G B
i=0 i=0

r

-l ) [T )

,
=> gl —1,....¢" = Dt (2.78)
o
Since 60* is injective and o; (e"! — 1, ..., " — 1) is symmetric with respect

to the u;’s, from (2.77) and (2.78), we have

ch(y'(H — 1k H)) = fu o (0") (oi(e" = 1,...,e" = 1))
€ Z%"(Gr(r,CP),R).  (2.79)

From Lemma 2.3, we see that the Adams operation WX commutes with
fr o (%)~ Since

V(g —1,..., e — 1) = oy (F" —1,..., ek — 1) (2.80)

is a power series with respect to k such that the coefficients of 1, %, ..., ki1

vanish, so is \I!k(ch(yi(ﬂ — 1k H))), too. Since \lfkﬁ = kl,B for B €
72 (Gr(r, CP), R), we have

ch(y'(H — 1k H)) € Q=% (Gr(r, CP), R). (2.81)

Since dimg Gr(r, C?) = 2r(p —r) = 2r*((m + 1)2m + 1)r? — 1), for

any (ni,...,n,) € N'suchthat I i -n; > r2((m + D@2m + DHr? — 1),
by (2.81), we have

ch (l_[(y"(ﬁ - rk_H))"f) =0€QGr(.C").R). (282
i=1

By (2.76) and (2.82), we have do = 0 if Zle i-ni > Ny nm, with
Nim = sup{r?((m + D)Q2m + 1r? = 1), aym}. (2.83)

Since the cohomology of the Grassmannian vanishes in odd degrees, the dif-
ferential form « is exact. From (2.75), [Hle(y’(ﬂ —rk H))"i, 0] =0 €

@ Springer



Differential K -theory and localization formula 587

I?O(Gr(r, CP)). By (2.73), for any (ni, ...,n,) € N suchthat ) ;_,i-n; >
N;.m,» we have
-
[H(y’(@ — 1k E))", 0:| =0eKY). (2.84)
i=1
The proof of Theorem 2.11 is completed. m|

Remark 2.12 (a) Comparing with (2.69) and (2.71), a natural question about
the y-filtration of K 0(Y) is whether we can replace N, , in (2.68) by a
constant depending only on Y such that (2.69) still holds. More generally,
whether the analogue of (2.71) holds in K 0(Y).

(b) Let {U;} be an open covering of Gr(r, C?) such that the U;’s are diffeomor-
phic to open balls, and the covers can be divided into dimg Gr(r, C?) + 1
= 2r(p —r) + Lclasses Uy, ..., Uz (p—r)+1 such that no two U;’s of the
same class intersect, from a result of Nash (cf. Ann. of Math. 63 (1956),
p.61).Let V; = UUieuj Uj,j=1,...,2r(p —r) + 1. Then the union is
a disjoint union with the trivialization z; : Hl|y, — V; x C".Let{p;} bea
partition of unity of {V;}. Letm; : H — Gr(r Cp) and m: VixC — C”
be the canonical projections. Then the map

ve Hi (m), gitn®) - mhn @), ...

mr@_rm(m(v))nz(hzr(p_,m(v)))

induces a bundle map H — Gr(r, C?) x C'@(P=1+D guch that it is
injective at each fiber. Then we obtain a complex vector bundle F over
Gr(r, CP) with rank 2r2(p — r) as a complement of H in Gr(r, CP) x
Cr@r(p=r+D Thus we have

ve(kH — H) =y (0kH + F) — (H + F)) = y(F —1k F).
From (2.70) and the above equation, y;(tk H — H) is a polynomial in ¢
with degree < rk F. By applying the remark before [1, Proposition 3.1.5]
to the polynomials y; (H — rk H), y,(rk H — H), we can take

arm =1k H -tk F =2r3(p —r) = 2r*((m + DQ2m + Dr? = 1).

Thus we can take N, ,, = 2r*((m + 1)(2m + )r? — 1).

From Theorem 2.11, (2.65) and (2.66), we have the following corollary.
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Corollary 2.13 Ifk > N, with N, as in (2.83), we have

[P+ (E),0] = [P _(E),0] € K°(Y). (2.85)

2.4 The g-equivariant differential K -theory. Proof of Theorem 0.2

Let Y be a compact manifold with S'-action. In the following, we adapt the
notation in Sect. 1.
The following definition is an extension of Definition 2.5.

Definition 2.14 For g € S',acycle for the g-equivariant differential K -theory
of Y is a pair (£, ¢) where E = (E, hE,VE)isan S 1—equivari.':mt geometric
triple on Y and ¢ is an element in Q°44(Y¢, C)/Imd. Two cycles (E1, é1)
and (E3, ¢2) are equivalent if there exist an § !_equivariant geometric triple

E3 = (E3, hE3, VE3) and an S 1—equivarian‘[ vector bundle isomorphism over
Y

P EIDE—~> E2® E3 (2.86)
such that
chy (E1 @ E3, ©* (E2 @ E3)) = ¢ — ¢1. (2.87)

We define the sum in the same way as in (2.39). We define the g-equivariant dif-
ferential K -group K g(Y ) to be the Grothendieck group of equivalence classes
of cycles.

We denote by [E, ¢] € I/(\g(Y ) the equivalence class of a cycle (£, ¢). For
[E. ¢].[F, ¥] € KJ(Y), set

[E,pJULE, Y] =[EQ F,chg(E) Ay + ¢ Achy(E) —dp Ay]. (2.88)

From (2.88), we deduce that the element 1 := [C, 0] is a unity: the circle action
on the total space Y x Cis defined by g(y, ¢) = (gy, ¢) forany (y,c) € Y xC,
the trivial metric and connection are obviously S!-invariant.

Lemma 2.15 The product (2.88) on I?Q(Y) is well-defined, associative and
commutative.

Proof 1f two cycles (E1, ¢1) and (E2, ¢) are equivalent, then by (1.29) and
(2.87), we have

chy ((E1 ® E3) ® F, ®* (E2 ® E3) ® F) = (2 — ¢1) A chy (F),
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and

d(¢2 — ¢1) = chg (E2 ® E3) — chy (E1 & E3) = chy (Ea) — chy (E1).-

Thus (E1® F, chg (E1) AY +¢1 Achg (F) —dgi AY) and (E2® F, chg(E2) A
Y + ¢2 Achg (F) —dgy A ) are equivalent. The product (2.88) on I?g(Y) is
well-defined.
The commutativity of (2.88) follows from the facts that ¢, € Qodd
Y8,C)/Imd anddp Ay =dy A+ d(p AYr).
We verify now the associativity of the product. From (2.88), we have
1, 611U (LR il ULE, ¥1) = [EL® AL @ F,
(chg(E1) —d¢1) A (chg(F1) Ay + Y1 Achg(E) —dyn AYr)

+1 A chy(Fy ®5)], (2.89)
and
(LEL #TUIFL W) UIE ¥l = |[E @ FL @ F,
che(E1 ® Fi) Ay —d(Chg(ﬂ) AY1 + @1 Achg(F1) —dér A 1//1) AY

+(chg(ED) A Y1 + @1 Achg(F1) —dér A ) A Chg(E)]- (2.90)

Since chg (-) is a closed even form and ¢1, V1, ¥ are odd forms, from (2.89)
and (2.90), we have

[E1, ¢11U ([F1, v1]U[F, ¥1) = ((E1, 1] U [FL, Y1) ULE, ¥1. (291)
The proof of Lemma 2.15 is completed. O
Thus (I?g(Y), 4+, U) is a commutative ring with unity 1.

Remark 2.16 Certainly, we can replace S' by any compact Lie group in Def-
inition 2.14.

Asin (2.43),if [E,0] = [F,0] € I?g(Y), from (1.30) and (2.87), we have
chy(E) = chy(F) € Q*(Y*,C). (2.92)

Note that g € § 1 defines a prime ideal 7(g) in R(S 1), the representa-
tion ring of S', namely all characters of S! which vanish at g. For any
R(S')-module M, we denote by M I(g) the module obtained from M by
localizing at this prime ideal. An element of R(S') I1(g) 1s a “fraction” u/v
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with u,v € R(S") and x,(g) ;é 0, and two fractions u/v and u'/v’

represent the same element of R(S') 1@ if there exists w € R(S!) with
Xw(g) # 0 and wuv’ = wu'v € R(SV). Elements of M) are “fractions”

u/viu e M,v e R(S! ) Xv(g) # 0) with a similar equivalence relation. Thus
M (g is a module over the local ring R(S');(4). Since we do not distinguish
the finite dimensional virtual representations and the characters of elements in
R(S"), we usually write an element of M (4 by

u/x withu e M, x € Zlh, h™"] forh € S', x(g) # 0. (2.93)

For a finite dimensional S'-representation M, we consider the S'-action on
Y x M given by

g(y,u) = (gy, gu). (2.94)

Thus ¥ x M — Y is an equivariant vector bundle over Y. We denote this
equivariant vector bundle by E .

By construction, the trivial metric h™ and the trivial connection d on E; are
naturally Sl.invariant. Let M = (Ey, WM d).Notethat E — E®E endows
the S! -equivariant K-group K 0 (Y) of Y with the structure of an R(SY)-
module. From (2.87), since ch (M) = XM (g), constant on Y8, (E, ¢) +—
(M Q E, xm(g) - ¢) makes KO(Y) an R(S')-module.

In the following, we will denote by 'E the corresponding geometric triple
when forgetting the group action.

Recall that Y5 = {Y(f : }aems 1s the fixed point set of the circle action and

N is the normal bundle of ¥ "in Y. We consider N, as a complex vector
bundle. By [55, Proposition 2.2],
1 1
KQ(¥S)~R(SH e KOwS). (2.95)

By (1.5), we write in the sense of (2.95),

g q tk Nov
Aot (NG) ~ Q) A </N;v> =1+ X =k Ak (’N&k,v>
v=1 T =l =1 —
(2.96)
Set
Fo,v =I'kNa,v’ My = dll’I‘lY‘fl (297)
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By (2.65) and (2.66), we have formally,

k=
(2.98)

By Corollary 2.13, we know that for any k > N, | i,
[ka+ <’N;‘,v) — Py - (’N&“,v> ,0] =0e KOS, (2.99)

We define

vr, N k
e &) e
= (hu _ l)rol.,v (1 + Z —(hv — 1)1{ (Pk,+( Na,v) Pk’_( NO[,U)>> s

(2.100)

It follows from (1.6) that for g € S'\ A we have Y¢ = YSl, thusg'—1#£0
if tk Ny # 0.
By (2.83) and (2.99), we see that for any N, N/ > supy , N,

o, v, Me?
_ _ ~ 1
[A_I(N;)NI,O] - [A_l(N;)NI/, 0} e RS- (2.101)

Then from (2.67), (2.96)—(2.101), for any N > Supy , N,

o

J.mq» W€ have

[A_l(N;), 0] U [A_I(N;‘)J_vl, o] — 1€ RS- (2.102)

Summarizing, we obtain the following precise version of Theorem 0.2. A
version for arithmetic K-group was obtained in [39, Lemma 4.5].
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Theorem 2.17 For g € S'\A, [,\,1 (N5, o] is invertible in KO(YS") (g and
for any N' > sup,, , N,

o,

g 11 (2.83), we have

[A_l(N;), o}_l - [x_l(N;;);}, o] e R2SH1e- (2.103)

Remark that the lower bound sup,, , Ny, ,.m, does not depend on g € § A,

From (2.43) and (2.99), for any k > N,

o,v: Mo
ch (ka+ </N;’v)> — ch (Pk,_ (/N;’v» e Q'S R). (2.104)

From (2.100), we have

gl)l’aiyv

ohe (a00r) = T1 i

Vi T 0 #0
[ + Z (g(__)f)k ( (Pk,+ (/Ni)) —¢h (Pk,_ (/N;“’U>>)i| (2.105)

The following corollary follows directly from (2.92), (2.102), (2.104) and
(2.105).

Corollary 2.18 For any N > sup,, , N,

o,

g & € ST\A,

ch, (k_l(N§)> - chg <A_1(N§)/_\/l> —leq s, 0. (2.106)

3 Localization formula for equivariant »-invariants

In this section, we establish Theorems 0.4 and 0.5 by combining the ana-
Iytic results on the p-invariant in Sect. 1 and the algebraic framework of
g-equivariant differential K -theory in Sect. 2.4. We fix g € S'\A now. It
is relatively easy to verify, by using the exact sequence on g-equivariant dif-
ferential K -theory and equivariant K -theory, that the localizationat g € S'\ A
of the restriction of g-equivariant differential K -theory from the total manifold
Y to the fixed point set Y5 "isan isomorphism. We can describe the inverse of
this map by using the direct image for the embedding ¥ ' < ¥ constructed
in Sect. 1.4 and the inverse of A_(N*) constructed in Sect. 2.4. This result,
combined with the embedding formula of n-invariants Theorem 1.5, implies
that the difference of the equivariant n-invariant and its contribution on the
fixed point set is the value at this element of a rational function with integral
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coefficients. Note that the coefficients of these rational functions depend a pri-
ori on the element g € S'\ A, but thanks to Theorems 1.9, 1.10, we can finally
conclude that these rational functions are the same for any g € S'\ A. This
ends the proof of our main result, Theorem 0.5.

This section is organized as follows. In Sect. 3.1, we establish the localiza-
tion formula in g-equivariant differential K -theory. In Sect. 3.2, we define a
direct image map in g-equivariant differential K -theory. In Sect. 3.3, we state
Theorem 3.7, which is a precise formulation of our main result, Theorem 0.5.
In Sect. 3.4, we establish first Theorem 0.4 by applying the embedding for-
mula of n-invariants, Theorem 1.5, the localization and the direct image map
in g-equivariant differential K -theory. By using Theorems 0.4, 1.9 and 1.10,
we get finally Theorem 3.7. In Sect. 3.5, we study the case when ¥ ' =¢and
compute explicitly the equivariant reduced n-invariant when the manifold Y
is the circle.

3.1 Localization in g-equivariant differential K -theory

Let Y be acompact manifold with S'-action. We explain first the S!-equivariant
K !-theory of ¥, and the equivariant odd Chern character for an element in the
S!-equivariant K !-group.

Let K ;, (Y) be the S'-equivariant K '-group of Y. By [55, Definitions 2.7
and 2.8], we have the exact sequence

0— KL S KOG x SH 5 K9(v) - 0, 3.1)

where S1 is a copy of S! with trivial S'-action and there exists b € S such
that the map i is givenbyi : Y > u — (u,b) € Y x S!. Note that ¥ x S! =
Y x R/Z. We will take b = § thus i(Y) = ¥ x {3}.

By (3.1), an element y of K ;1 (Y) can be represented as an element x =
c(y) € Kgl(Y X 3‘\1) such that i*(x) =0 € KSI(Y). We write x = W — U,

where W and U are equivariant complex vector bundles over Y x S!. By
[55, Proposition 2.4], we may and we will assume that U is a trivial vector
bundle associated with a finite dimensional S 1—representation as in (2.94).
Since i*(x) = Wlyx(172)—Ulyx(1/2) = 0 € K9, (Y), by adding on U a trivial
vector bundle associated with a finite dimensional S'-representation, we may
and we will assume that Wy« (1,2) is a trivial vector bundle over ¥ x {1/2}
associated with a finite dimensional S' -representation M as in (2.94) and

U= (Y x SAI) x M. (3.2)
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Since [0, 1] is contractible, there exists an Sl—equivariant morphism F €
&°° (Y, Aut(M)) such that

W= (Y x[0,1]) x M/ ~p, (3.3)

where ~F is the gluing map: (y, 1,m) ~r (v,0, F(y)m)fory e Y,m € M.
Then it induces an equivariant vector bundle isomorphism F : Ey — Eyy,
where the S 1—equivariant vector bundle £y on Y is defined as in (2.94) by

Ey =Y x M. (3.4)

. . I .. 1
When we restrict the above construction on Y5, as S! acts trivially on Y s
we have

Ulyst, g =(YS1 ><§\1) x M

(3.5)
Wipst, = (YS x10.1) x M/ ~p, Eulyg =Y x M,

where S! acts only on the factor M.
Let V be an S'-invariant connection on E ;. Then F*V.- = F~IV.(F.) is
also an S'-invariant connection on E . From (3.3),

9 B
:dt/\a-i—(l—t)V—i—tF*V:dt/\E—i-V—i-tF_lVF (3.6)

is a well-defined S!-invariant connection on W over ¥ x S!.

Recall that the equlvarlant Chern character form ch, (E) and the equivariant
Chern—Simons class ch ¢(Eo, E1) defined in (1.19) and (1.29) depend only on
the connections, not on the metrics. We often denote the equivariant Chern
character form by ch, (E, VE) and the equivariant Chern—Simons class by
ch, (E, VEo, VE),

Let VU be the trivial connection on U. It is naturally S!-invariant. For
g € S\ A, the odd equivariant Chern character for y € K ;1 (Y) as above, is
defined by

chy(y) i= UA (chg(W, V") — chy (U, v%)]
Sl
N Uﬁ chg (W, VW)} e HOYyS' C) c 4(yS', C)/Imd, (3.7)
S

where the fiberwise integral [ is normalized suchthat [ 7*aAB = aA [5i B
for the obvious projection 7 : 7YS' xSl - v anda e Q’(YSI), B €
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EZ‘(YS1 X 3’\1). As [chg (W, vy e H‘(YS1 X S‘\l C) does not depend on the
choice of V, thus chg (y) also does not depend on V. From (1.19), (1.29), (3.6)
and (3.7), we have

9 dt
chy (y)=— U {chg ([0, 11x Ep, dt A E+(1—r)v+rF*v>} dt:|
[0,1]
= —Chy(Ey. V, F*V) € Q®9(yS' C)/Imd. (3.8)

If we choose V as the trivial connection d on Ejs, by (3.6), the curvature
RY of VW is given by

RV = (VW>2 —dit A(FYAF) —1(1 —0)(F~'dF)?. (3.9

From (1.19), (1.28), (3.8) and (3.9), we calculate that

1 n! _ .
chy(y) = 2(:) TN [Tr [g(F~'dF)*™]]. (3.10)

This is just the equivariant version of the odd Chern character in [33] and [60,
(1.50)].
From (3.1), Kél (Y) is an R(S")-module. Moreover, ¢ xm(g) - ¢ makes

Qodd(yS' C)/Imd an R(S")-module.

The following Proposition is the g-equivariant extension of the correspond-
ing results in [25, Proposition 2.20], [26, Proposition 2.24] and [32, (2.21)],
which are analogues of Gillet—Soulé’s result [35, Theorem 6.2] in arithmetic
K -theory.

Proposition 3.1 If g € S'\ A, we have the exact sequence of R(S")-modules,
h ~
K§(Y) 24 qodd(yS' ) /imd %> KJ() — K% (Y) — 0, (3.11)
where

a(9) =10,¢], t(E, ) =[E] (3.12)

Proof It is obvious from Definition 2.14 that 7 is surjective and 7 o a = 0.
If x € Ker 7, it is easy to see from Definition 2.14 that x € Im(a).
Now we prove a o chy = 0. For y € K;, (Y), let Eys be the equivariant

vector bundle over Y constructed from y as in (3.4). Let #* be the metric on
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Ejs induced by an § !_invariant metric on M via (3.4) and V be an S!-invariant
Hermitian connection on (E s, h™). By (3.5) and (3.8), we have

a(chg(y)) = [0, —Chg(Ep, V, F*V)]
= [(Ey. h™, V), 0]
—[(Ep, k™, V), che((Ep, B™, V), (Ey, F*RM | F*V))]. (3.13)

By Definition 2.14, ((Eym, W™, V), 0) and ((Eym, WM, V),
chg ((Ep, WM V), (Ey, F*hM, F*V))) are equivalent under the equlvarlant
Vector bundle isomorphism F over Y. That is, a(chg(y)) =0 € K O(Y)

At last, we prove Kera C Imch,. For ¢’ € Kera, i.e., [0, ¢] =0 €
K O(Y ). By Definition 2.14, there exists an equivariant geometric triple £’

(E', hE vE ) and an equivariant vector bundle isomorphism over Y:
® :E'— E' suchthat ¢ = —&g (E',®"E'). (3.14)

By [55, Proposition 2.4], there exists an S L_vector bundle E on Y such that
E @ E' = E)y where M is a finite dimensional S'-representation. Set

P EQE - E®E', wv)r— (u,®®Ww). (3.15)
Let hE be an S!-invariant Hermitian metric on E and V£ be an S!-invariant

Hermitian connection on (E, h¥). Then &1g (EEBE P* (E@E)) =
chy (E', ®*E’). As in (3.6),

9 ) ,
=dt/\§+(1—t)(VEeBVE)+t<I>*(VE@VE) (3.16)

is an S'-invariant connection on W = Y x [0, 1] x M / ~&. Therefore, by
(1.29), (3.6) and (3.8), modulo exact forms, we have

G (E® £, 0" (E E)
— &b, <E & E,(VE @ VE)| g, 0" (VE & vE’)|YSI)
= /A chy(W, V7). (3.17)
s1
From (3.2), (3.7), (3.14), (3.15) and (3.17), ® defines an element y € K;l Y)
by c(y) = W — U and ¢/ = chy(y).

It is obvious that the R(S')-action commutes with chg,a and 7.
The proof of Proposition 3.1 is completed. O
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Let: ¥S' — Y be the canonical embedding. Let

PR — KOS, [E.¢)/x — [Elg.¢l/x. (3.18)

be the restriction homomorphism.

The following localization theorem, which is the differential K -theory ver-
sion of the Atiyah—Segal localization theorem in topological K -theory [6,
Theorem 1.1], is inspired by [26, Theorem 3.27] and [57, Theorem 5.5].

Theorem 3.2 (Localization Theorem) For g € S'\ A, the restriction map T* :
Kg(Y)I(g) — Kg(YSl)I(g) in (3.18) is an R(Sl)l(g)-module isomorphism.

Proof Since localization preserves exact sequences [3, Proposition 3.3], from
Proposition 3.1, we get an exact sequence of R(S!);(g)-modules

h,
KL =5 (QOdd(YS', (C)/Imd)
1(g)

5 K)W)1g) — Ko (V)i — 0. (3.19)

Replacing Y by Y Sl, since (Y SI)Sl = YSl, we get an exact sequence of
R(Sl)l(g)—modules

h
KL =5 (QOdd(YSI,(C)/Imd>I( )
8
— Kg(YS )Ig) - K(S)l(YS )ie) — O. (3.20)

Furthermore, we have the commutative diagram

ch, —~,
KL (g ——— (QOdd(YS',C)/Imd) = RO ———= K% (V) —— 0

L,* lm L l (3.21)

1 chg 1 = 1 1
KL () —— (Q“""(YS ,(C)/Imd) — L= RS )y — = KO (¥ ——> 0.

1(g)

Here o : Kg (Y) () — K;l(YSI)I(g) is the R(S!);(4)-module map induced

by t. From (3.1) for Y and Y st , we have the commutative diagram

. _
0——= KoMy KO (Y x SN K (V)i —=0

: : :

. c 1 -~ S 1
0—= KLY —= K (S x SV —— K (Y$ )y —=0.
(3.22)

@ Springer



598 B. Liu, X. Ma

Using localization in topological K -theory [6, Theorem 1.1], ¢* is an isomor-
phism on K(S)1 (1)1(g)- By the five lemma on (3.22), ¢* is an isomorphism on
Kél (:)1(g)- Then by the five lemma on (3.21), 7* in (3.21) is an isomorphism.

The proof of Theorem 3.2 is completed. O

As the restriction map i* in (3.18) is an isomorphism, it is a natural question
to find explicitly its inverse. We solve this problem by combining the con-
struction of the geometric direct image for embeddings in Sect. 1.4 and the
invertibility of the element [A_;(N¥), 0] in K g(YS : )1(g) obtained in Theorem
2.17.

In the following definition we adopt the notation in Sect. 1.4.

Definition 3.3 For g € S!\ A, the direct image map

b KOS — K01 (3.23)
is defined by
i ([ 8] /x) =[5 chg (A" V) A ] /x
_ [g__ chy (A®(N*)) A ¢] /x. (3.24)

Theorem 3.4 The direct image map 1 is a well-defined isomorphism and
A ~ A 1 ~ —~ 1
ol = [A_l(N*),O] U RO = RO ). (3.25)
Thus the inverse map of T* : I/(\g(Y)I(g) — I/(\g(YSI)I(g) in (3.18) is given by
-1
fo [A_I(N*), 0} U,

Proof From the construction of &1 in (1.41)-(1.44), we have

1 { [ oy (A1) 1 9] /x — £ chy (A°90) 1 9] /4]
= Z [(AGVCH(NSZ) ® @) @ Fu, ch <Aeve“(N§)> A ¢] /x

aeB

=D (AN @ o) @ Fs chg (84D ) A 9] /x

ae'B
— [Aeven(N*) ®E’ Chg (Aeven(N*)) A ¢:| /X

—[A% ") @ ., chy (A™N) A o] /. (3.26)
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Since A_1(N*) = A" (N*) — A°d(N*), by (2.88) and (3.26), we have

21V, 0] Ui, 91/
= {2, chy (A" V) A 0| /x
- [g;, chg (AY(N™) /\¢>] /x}- (3.27)

Therefore, we have

Mol = [A_l(N*), 0] u. (3.28)

By Theorem 3.2, T* : Eg(Y)I(g) AN I’(\E(YSI)I(g) is an R(Sl)I(g)—module
isomorphism. From Theorem 2.17,

A\ — AN 1 ~ ~
@ 'o [A_l(N*),O] U K9 = K901 (3.29)

is a well-defined isomorphism. Equations (3.28) and (3.29) imply that i, in
(3.24) is a well-defined isomorphism and (3.25) holds. |

3.2 Direct image in g-equivariant differential K -theory

In the remainder of this section, Y is an odd dimensional compact oriented
manifold and has an S'-equivariant Spin€ structure.
Note that for g € S!, Q¢ C C was defined in (0.13) and chg(R(Sl)I(g)) =

Q.

Definition and Theorem 3.5 Let ¢ € S' be fixed. For an equivariant geo-
metric triple E, ¢ € QY8 C)/Imd, x € R(S") such that x(g) # 0, the
map

Fri(E.d)/x) = x(@" <— /Y Tdg(VI. VE) A +ijg(TY. L, E))
(3.30)
defines a direct image map ?;! : I/(\(S(Y)I(g) — C/Q,.

Note that for g = 1, the families version of (3.30) is [32, Definition 3.12]. In
[39, Proposition 4.3] Kohler—Roessler defined an arithmetic K -theory version
of (3.30).
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Proof For an S'-equivariant vector bundle isomorphism ®:E— Eover?,
we have by Definition 1.2,

Ng(TY, L, ®*E) = 1,(TY, L, E). (3.31)

For any finite dimensional S'-representation M and triples E, Ey, E>, we have
from Definition 1.2,

ﬁg(ﬂa L9M®E) = XM(g) : T_’g(ﬂa Lv E)»

_ ) . (3.32)
ﬂg(ﬂ, L» ﬂ@ 2) = Ug(ﬂ, Lv ﬂ) + Ug(ﬂ, L’ 2)

For cycles (E1, ¢1)/x1 and (E2, ¢2)/ x2 of I/(\g(Y)I(g) we have from (3.30)
and (3.32),

Fri((Er, @0/ x1 + (B2, 02)/x2) = fri((Ev, ¢1)/x1) + Fri((E2, $2)/x2)-
(3.33)

If[E; — E1,¢l/x =0¢€ I/(\g(Y)I(g), there exists a finite dimensional S'-

representation M such that [M ® (E2 — E1), xmu(g)¢] = 0 € f(\g(Y) and
xm(g) # 0. Thus from Definition 2.14, there exist E3 and an equivariant
vector bundle isomorphism @ : (M ® E1) ® E3 - (M ® E3) & E3 such that

¢ = xm(8)”'chy (M ® E)) ® E3, * (M ® E») @ E3)). (3.34)

From the variation formula (1.31), (3.31) and (3.32), there exists ag €
Zlg, g 1:={f(g) € C: f € Z[x, x~ ]} such that

ng(TY,L,M® Ep) —ng(TY,L,M® Ey)
=1g(TY,L, (M ® E2) ® E3) —7g(I'Y,L, (M ® Ey) & E3)
=0g(ITY,L, (M ® E2) ® E3)) —1g(TY,L,(M ® E1) ® E3)

= f Tdg (V'Y vL>c“f1g(<M® E) ® E3, * (M ® Ey) ea@)
Y8
Fa. (3.35)

From (3.30), (3.32), (3.34) and (3.35), we have
Fri((E2— E1, ¢)/X)
= x(g)~! [ﬁg(u, L,Ey) —iig(ITY,L,Ey) — / Td, (V'Y vL)mp]
Y&

= 1@y (@ [e(TY, L M ® E2) — g(TY, L, M ® Ey)
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_ / Ty (V" VE)ehy (M @ E)) ® Es, &* (M ® Ep) @@))}
Y8

= %@ xm(®) ™" g € Q. (3.36)
The proof of Theorem 3.5 is completed. O

3.3 Main result: Theorem 0.5

Recall that the orientation of Y(f s given in Sect. 1.3. From (2.100), there
exist equivariant geometric triples pq a7+ and g ar,— such that

W = TT 0= D7 (pans = paw=). 33D
V:rg,p7#0

In (3.37), we identify f(h) - F with My ® F for the triple F, f € Z|[x, x~h

and the virtual S'-representation M r associated with f. For g € § A, we
define

- st *y—1
ng TYO[ 7&7)"71(Na)./\/’ ®E|Ysl

l_[ (g 1) Ta,v N|: <TY La,/LaN+®E|YSI)
V:Ng, v #0

i (TYS' La pan - ® )] 339)

Remark 3.6 Note that from (2.100) and (3.37),

1
pan.t =P st € KGYS) (3.39)
k>0

and S' acts on &, ; with weight k. If S acts on L by sending g € S! to gl
(lu € Z)on Y(fl, then by [47, p. 139] and (2.97),

> Wraw+ly=0 mod(2). (3.40)
v
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Now by (1.18), (1.35), (3.39) and (3.40), for g € S!, we have

ig (T La,uam@mysl)—ng(” Lo o, @ El 1)

— gif Zv Ui’a.v+§la Z g |:77] (TY&S , ﬁ, é(x’k,—i- ® Ev)
k>0,v

7 (1Y, Lo &as- ® E,)] . B4D)

From (2.83) and (2.103), set

v, Ma *

Now we state our main result of this paper, which is a precise formulation
of Theorem 0.5.

Theorem 3.7 For any N, N’ € Nand N' > N > Ny, for any equivariant
geometric triple E on Y, the functions on S'\ A,

_ 1 —
P (@) = g (TYE, Las i (N @ El 1)

_ 1 _
i, (Tyj Ly A1 (NDY ®§|YS1) (3.43)

and

— — 1 _
On(8) = iig (TY. L, E) = Y it TV, Las A (NN @ El1)
o

(3.44)

are restrictions of rational functions on S' with integral coefficients which do
not have poles on S'\ A.

3.4 A proof of Theorems 0.4 and 3.7

Let TYS\I' be the direct image map TY:, : fg(YSI)I(g) — C/Qg defined in
Definition 3.5. Explicitly, for any [E, ¢]/x € k‘g(ysl)[(g),

Tysi (LE, 91/x) = x (&)~ 1Z[ng (TYS', Ly, E)

—/Ysl Tdg (V77 ,VL")/\qﬁ] mod Q. (3.45)
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Lemma 3.8 For any N, N' e Nand N > N > Ny, g € S\ A, we have
Py () € Qg

Proof From (2.101) and (3.42), for any N', N/ > N, g € S'\ A,

_ _ ~ 1
[A_I(N;)NI ® Elyg, 0] - [A_l(Nj)Nl, ® Elyg1. 0] e RO

(3.46)
Thus Lemma 3.8 follows directly from Definition and Theorem 3.5. m|
Observe that
~ 1 -~ 1
K35 )1 = P KIS 1. (3.47)

ae’B

From Theorem 2.17, for g € S'\ A, [k,l (N, O] isinvertible in I?Q(Yasl )i(g)-
Thus we have

[A_l(N*), 0}_1 -P [A_l(N;‘), 0]_1 e ROr)1e- (3.48)

o

Proof of Theorem 0.4 The first part of Theorem 0.4 is Theorem 3.5. From
Theorem 3.2, for g € Sl\A, the restriction map * in (3.18) is an R(Sl)l(g)—
module isomorphism.

For g € Sl\A, by Theorem 1.5, (1.38), (3.24), (3.30) and (3.45), for any

(w, @1/x € I/(\g(YSI)I(g), we have
Frioti(ip, ¢1/x)
- E!{ [0, ch (A" V) A9 /x = 2, chy (A" N9) A ] /x}
= x()"! { = [ T T eh () A
Yys
+ig(TY, L, 1) = iig(TY, L. 6)]
1
=x@7"') ( - /YS] Tdg(VTYe |, VE) A §p+iig(TYS', La, &)) mod Q,

o o

= Fysr, (1 81/ 0. (3.49)

It means that

e~ A — -~ 1
frioli= fys,: Kg(¥® )i — C/Q;. (3.50)
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From Theorems 2.17, 3.4 and (3.50), we have
Fri=Tpst, 0 ot V9. 01710 7 RO g — C/Q. (35D

Thus the diagram in (0.15) commutes.
By Definition 3.5, we have

Fri([E,0]) = 7,(TY, L, E) modQ,. (3.52)

By Theorems 2.17, 3.5, (2.88), (3.42), (3.45) and (3.48), for any N' > AN,
g € SI\A, we get

Tyot, (v, 017" U (E. 0D)

=Tys1, (@[M(N;;w, 0]U *(E, 0]))

o

- 1 _
=Y i, (Tyof L. A1 (N ®§|Yasl> mod Q. (3.53)

Thus by (3.44), (3.51)~(3.53), for N' > Ny and g € S'\ A, we have Q/(g) €
Qg, i.e., (0.16) holds. The proof of Theorem 0.4 is completed. O

Let K € Lie(S!) be fixed.

Lemma 3.9 For g € S'\A, there exists B > 0 such that for any t € R,
It < B, N > N >Ny, Py (ge'X) and Qar(ge'™) are real analytic in t.

Proof Recall that rq , = 1k Ny . By (3.37), we have

Fun(h) - A1 (NN = Han + — RaN.—

with Fyne(h) =[] 0 — 1=V, (3.54)
ViFg,p7#0
Set
Fy)= ] "= pmeretN g7y (3.55)

ViMaXy 'y, p 70

By Theorem 1.10 and (1.55), for g € S'\ A, there exists 8 > 0 such that for
|t| < B, we have

ﬁgetK (Ha L» E) = ﬁg,l‘K(ﬂv La E) (356)

@ Springer



Differential K -theory and localization formula 605

From (3.37), (3.43), (3.44) and (3.56), for g € S'\ A, there exists 8 > 0 such
that for || < B, N/ > N > N, we have

Fpr(ge'™®) - Py (ge'™)

K

_ sl Fpr(ge'™)
=37 K(TY Lo, (Han' s — Han',—) ® E] )—
; sl \me = et e 18') " Fynr(ge'®)
a Fpi(ge'X)

=Y e (T8 Las (o = ) ® Elyg ) - 22—
; 8¢ il 18') " Fyn(ge'®)
(3.57)

and
Fn(ge'™) - On(ge'™) = Fn(ge'®)iig ik (TY, L, E)

} Fa(ge'®)
=Yg (T Ly (oot — o) @ Ely ) - 2o
; 8 == = Y8) " Funr(ge'®)
(3.58)

Recall that for g € S\ A, g¥ — 1 # 0 if ra,v 7 0. So there exists 8 > 0
such that for |f| < B, F/\/(ge’K)*1 is real analytic in ¢ for any V. By (3.41),

MgelK (TY(fl, ...) in (3.57) and (3.58) are polynomials in ge'X and (ge!¥)~1.
Thus by Theorem 1.9 and (3.41), for g € S'\ A, there exists 8 > 0 such that

for [t| < B, NV > N > Ny, Py (ge'®) and Qpr(ge'X) are real analytic in
t. O

Proposition 3.10 For any N' > N > Ny, the functions Py nv and Qz on
S\ A are restrictions of rational functions on S' with integral coefficients.

Proof We prove first this property for Q.
For g = e%™ ¢ S1\A and N’ > N, we have Q(g) € Q, by (0.16) and
(3.44). By (0.13), we can write

(g) ar(g)gk

== (3.59)
zﬁﬁg) bi(g)gk’

On(g) =

where ax(g), b(g) € Z, N(g), M(g) € N, the polynomials 3" &) a; (g)x¥

and ), M(s) b (g)x¥ are relatively prime, and Y ko M(s) K(g) gk £ 0.
Let TM,N {ge SNA: M(g) < M,N(g) < N} Then

USY vo1Tuy = ST\A. (3.60)
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Fix go € S\ A. Let U be a connected open neighbourhood of gg in S\ A such
that Q s is real analytic on U by Lemma 3.9. We have Uﬁ/[oyN=1 Ty nnU) =
U. Since U is an uncountable set, there exist Mo, No € N such that Ty, n, NU
is an uncountable set. We define the map W : Ty, y, N U — ZMo+No+2 guch
that

W(g) = (ao(g), - -, any(g), bo(g), ..., bumy(g)). (3.61)

Since ZMo+No+2 jga countable set, there exists I = (ay, - - - , any, bos - - - » bat,)
No k

€ Im(W) such that ¥~!(7) is a uncountable set. Set i (x) = %. Then
k=0 Pk*

there is an open subset U’ C U such that & is real analytic on U’ and Qnr = h
on a uncountable subset of U’. Moreover, since & is a meromorphic function
on C, Qs can be extended as a holomorphic function on an open connected
neighborhood Uy C C of U, we have h = Qs on Uy, in particular, h = Qs
on U. So for any go € S'\ A, there is an open neighborhood U of gg in S'\ A
such that Q r is a rational function on U with integral coefficients. It means
that Qs is a rational function on each connected component of § 1\A with
integral coefficients.

For g € A and for small ¢ # 0 it follows from Theorem 1.10, similarly to
(3.58), that

On(ge'™) =gk (TY, L, E) — Mg,k (IY,L, E)
—Fy(ge'™)7 -

_ ! Fr(ge'™)
ane”( <TYO§ ’ﬂ’ (/‘Lot,./\/,+ _MO"N’_)®E|YO§I> :
a

“NOT 362
Fo n(ge'k) (5.62)

From Theorem 1.9, (3.41), (3.55) and (3.62), QN(ge’K) is a meromorphic
function in ¢ near 0. But from the argument before (3.62), we know that for
t > 0 small

tK
On(ge'Xy = ri8e )

= — 3.63
04 (ge'k) (3:63)

. . . Py (ge'X)y . . .
is a rational function in ge'X. As % is a meromorphic function in ¢ near

0, this implies (3.63) holds for # near 0. In particular, (3.63) holds for ¢t < 0
small. So O as a function on S'\ A is the restriction of a rational function on
S! with integral coefficients.

By the argument after (3.58), in particular by (3.38) and (3.41), we get that
for N/ > N > N, Py is the restriction on S'\ A of a rational function on
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S! with coefficients in R. To show that that the coefficients are actually in Z
we only need to apply the above argument again.
The proof of Proposition 3.10 is completed. O

By Lemma 3.9 and Proposition 3.10, the proof of Theorem 3.7 is completed.

3.5 The case when YS1 =0

In the remainder of this paper, we discuss the case when Y5 L=

AsYS' = @, from Proposition 1.1, A = {g € S! : Y& = @} is a finite set.
From the variation formula (1.31), forg € S'\A,upto Qg,ng(T'Y, L, E) does
not depend on the geometric data gt (nt, vhy, (hf, vE). Thus similarly as
in Definition 3.5, the map £ : K¢, (Y) 1) — C/Qq for g € S'\A, defined by

AAEY/x) = x (@) '7,(TY, L, E) mod Qg (3.64)

is well-defined. By [6, Proposition 1.5], K(S), (Y =0forg € ST\ A. So

ng(TY,L,E) € Q. Since Theorems 1.4 and 1.10 still hold for yS' = @,
following the same process as in Lemma 3.9 and Proposition 3.10 (note that
for the last part of the proof of Proposition 3.10, we only use Theorem 1.10),
we obtain:

Theorem 3.11 IfYS] =0, A={geS':Y8 P} then ng(TY,L,E)asa
function on S'\A is the restriction of a rational function on S' with integral
coefficients that does not have poles on S'\ A.

Example 3.12 For k € N*, we consider the circle action on ¥ = ST with
g‘eig — eZnikH—iH’ forg — ezﬂil e Sl. (365)

Here 3'\1 is a copy of Sl Forx =€ € §1, if g.x = x, we have kt € Z, which
means that g€ = 1. So rs =PandA={g e st:gh=1).

We identify [0, 277) with S! by sending 6 to . Then the canonical metric
on S! is defined by |%| = 1, the spinor bundle of Shis S(S’\l) = C, and the
Clifford action is d;c\ﬁned by ¢ (%) = —i € End(S (.S/‘\l)). Thus the untwisted

Dirac operator on S! is

9
D=—i2. 3.66
90 (3.66)

From (3.65) and (3.66), we see that the circle action commutes with D. From
(3.66), the eigenvalues of D are A, = n, n € Z, with eigenspaces E;, =

@ Springer



608 B. Liu, X. Ma

C{e'm?y. For g = e2mit ¢ §1 5 e C and Re(s) > 1, we see that

+00 +00 +00 i +00  _oni
Tr |EA,1 [g] Tr |E>L,n [g] B eZmnkt e 2mwinkt

g(s) = ) — =)

n=1 n=1 n=1 n=1
(3.67)
is well-defined.
Forx,y € R, s € C, set (cf. [58, p. 53]),
S1(x,y,5) = Z/(x +n)|x 4+ n| B T, (3.68)

nez

where Y is the sum over n € Z, n # —x. The series in (3.68) converges
absolutely for Re(s) > 1, and defines a holomorphic function of s. Moreover,
s — Si(x,y,s) has a holomorphic continuation to C [58, p. 57, (14)]. By

(3.67) and (3.68), for Re(s) > 1, we have

Ne(s) = =S (o, ke, 2 ; 1) . (3.69)

Thus after taking the meromorphic continuation of 7, (s) to C, (3.69) holds for
any s € C. Also by [58, p. 57], we have the functional equation for S (x, y, s),

L(s)Si(x, y,s) = —in2 732270 G — s> S <y, —X, % - s) . (3.70)
From (3.69) and (3.70), we have
16(0) = =81 (41,0, 1), 371
By [58, p. 58], for x ¢ Z, we have
S1(x,0,1) = m cot(mx). (3.72)

If g € S'\A, then kt ¢ Z. Thus by (3.65), (3.71) and (3.72), for g € SI\A,
the equivairant n-invariant n, (S!) of § ! with the canonical metric, is given by
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gh/2 4 g=k/2 _ P
g2 — g k2 T [ gk

Ne(S1) = ng(0) = i cot(kt) = — 1. G373

Since Ker(D) is the space of the complex valued constant functions on 3‘\‘,
we have Tr |ker(py[g] = 1. Thus from (3.73), for g € Sl\A, the equivairant
reduced n-invariant

o (8D 4 Tr [ker(y €] 1
ng(S_l)= 8 5 er(D) :l—gk' (3.74)

It is a rational function on S' with integral coefficients and poles in A.
For g € A, from (3.67), we get ng(s) = O for any s € C. Since
Tr |ker(p)[g] = 1,

~ ~ ~
g(SH = n1(8H = n(shH = > forg € A. (3.75)

Remark that this reduced n-invariant could also be computed from the equiv-
ariant APS index theorem (0.19). Let B be the unit disc in R? and B = S!.
In polar coordinates, the circle action on B is defined by

gre? = r®TKHO - for g = 2Tk e N¥. (3.76)

It induces the circle action on B = S! in (3.65). If g € S\ A, then g # 1
and the only fixed point set of g on B is B8 = {0}. Let N be the normal bundle
of {0} in B. Then the g-action on N is as multiplication by g*.

We take the metric on B such that it has product structure near the boundary,
induces the canonical metric on S! and commutes with the circle action. We
denote by Df’>0 the Fredholm operator with respect to the Dirac operator Df
on B and the APS boundary condition. The equivariant APS index is defined
by

Indaps,¢(D®) = Tr er(pe_,) 181 =T [g]- (3.77)

150 Coker(szo)

From the equivariant APS index theorem [29], we have for g € ST\ A,

~ 1 1
7,(SH)=[ —— —Ind DB = —Ind D?B).
ng(S) /Bg det( — gln) ndaps,¢(D”) Ty ndaps, ¢ (D7)
(3.78)

Note that the equivariant APS index is invariant when the metric varies near
the boundary, without changing the metrics on the boundary. We only need
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to compute Indaps, g(DB ) using the canonical metric on B, which is not of
product structure near the boundary. In this case, with the coordinate z = x+iy
in R? ~ C, the spinor bundle of B is S(B) = C & C(dz/+/2) ~ C @ C and
the Clifford action is given by

() () ()= o

Thus DB = c(;2) 2 + c(%)% has the form

0 DB 0 —-Z+it 0 22
DB=< B —>=(8 g W =( 5 31). (3.80)

In polar coordinates,
; a [ 0
DB = — (—— = l——) . (3.81)

Note that — % here is the inward normal vector. Let Px( be the orthogonal pro-
jection onto the direct sum of the eigenspaces associated with the nonnegative
eigenvalues of A := —i %h} p. Recall that the eigenvalues of A are A, = n,
n € Z, with eigenspaces C{e!"?}. Thus the APS boundary condition reads in
complex coordinates for f € €°°(B, C),

Pooflop =04 flap= ) an". (3.82)

n<0,nez

If fo =0, f is holomorphic on B. Thus
Ker(D¥ ) = {f € €°(B.C) : D} f =0, P~o(flsp) =0} = 0. (3.83)
By (3.81), the adjoint of Df,zo is Df’<0, i.e., D? with boundary condition

P_o(e f)]gp =0, with Psg+ P_o=1d on (B, C). (3.84)

By (3.80) and (3.84), if D§?<0f = 0, then f is holomorphic on B and f|35 =
> n=0.nez dnZ". Thus Coker(Df’ZO) = Ker(Dl_gy<O) =0.

From (3.77), (3.78) and (3.83), we have 7j, (1) = (1—g*)~! forg € ST\ A,
which is the same as (3.74).
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