January 26, 2006 14:3 Proceedings Trim Size: 9in x 6in MaZhangtosion05

Analysis, Geometry and Topology
of Elliptic Operators, 247274
(©2006 World Scientific

AN ANOMALY FORMULA FOR L2-ANALYTIC TORSIONS
ON MANIFOLDS WITH BOUNDARY

XIAONAN MA

Centre de Mathématiques Laurent Schwartz
UMR 7640 du CNRS
Ecole Polytechnique
91128 Palaiseau Cedex, France
ma@math.polytechnique. fr

WEIPING ZHANG

Chern Institute of Mathematics & LPMC
Nankai University
Tiangin 300071, P.R. China
weiping@nankai. edu.cn

Dedicated to Krzysztof P. Wojciechowski on his 50th birthday

We extend the definition, in the extended cohomology framework, of the L2-
analytic torsion for covering spaces due to Braverman-Carey-Farber-Mathai to the
case of manifolds with boundary, and prove an associated anomaly formula. Our
main result may be viewed as a common generalization of the anomaly formula
for Ray-Singer analytic torsion for manifolds with boundary proved by Briining-
Ma, as well as the anomaly formula for L2-analytic torsions for closed manifolds
proved by Zhang. It generalizes also an earlier result of Liick-Schick, without the
assumptions on the unitary representations as well as the technical “determinant
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1. Introduction

Let F' be a unitary flat vector bundle on a closed Riemannian manifold X .
Ray and Singer [27] defined an analytic torsion associated to (X, F') and
proved that it does not depend on the Riemannian metric on X. More-
over, they conjectured that this analytic torsion coincides with the classical
Reidemeister torsion defined using a triangulation on X (cf. Milnor [21]).
This conjecture was later proved in the celebrated papers of Cheeger [10]
and Miiller [22]. Miiller generalized this result in [23] to the case where F
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is a unimodular flat vector bundle on X . Inspired by the considerations of
Quillen [25], Bismut and Zhang [2] reformulated the above Cheeger-Miiller
theorem as an equality between the Reidemeister and Ray-Singer metrics
defined on the determinant of cohomology, and proved an extension of it
to the case of general flat vector bundles over X. The method used in [2]
is different from those of Cheeger and Miiller in that it makes use of a de-
formation by Morse functions introduced by Witten [30] on the de Rham
complex. In particular, as an intermediate step, an important anomaly
formula for Ray-Singer metrics has been established in [2], Theorem 0.1.

Recall that Ray and Singer [27] also defined the analytic torsion, in the
unitary flat vector bundle case, for manifolds with boundary. Moreover,
Cheeger [10] raised the question of computing the corresponding metric
anomaly. This question was studied by Dai and Fang [11] for the case of
unitary flat vector bundle, while a complete answer, valid for the general
case of arbitrary flat vector bundles, is recently obtained by Briining and
Ma [4].

The purpose of this paper is to generalize the main results in [4] to the
case of L2-analytic torsions on infinite Galois covering spaces of manifolds
with boundary. We recall that the L2-torsions were first introduced, for
closed manifolds, by Carey, Mathai and Lott in [9], [15] and [20], under the
assumptions that the L2-Betti numbers vanish and that certain technical
“determinant class condition” (the more precise definition of “determinant
class condition” indeed appears later in [7]) is satisfied. The later condition
is satisfied if the Novikov-Shubin [24] invariants are positive. In [6] and
[19], extensions to manifolds with boundary, in the case of unitary flat
bundle case, have been studied. In [6], only the case of product metric
near boundary has been considered, while in [19], Liick and Schick also
considered the case of non-product metric near boundary.

Carey, Farber and Mathai [8] showed that the condition on the vanishing
of the L2-Betti numbers can be relaxed. This is achieved by constructing
the determinant line of the reduced L2-cohomology and defining the L2-
torsions as elements of the determinant line.

Recently, Braverman, Carey, Farber and Mathai [3] showed that if one
considers the extended L?-cohomology in the sense of Farber (cf. [13]) in-
stead of the usually used reduced L?-cohomology, then one can naturally
define the L2-analytic torsion as an L?-element on the associated determi-
nant lines, without requiring the “determinant class condition”.

In this paper, we first generalize the construction in [3] to the case
of manifolds with boundary, to define L?-analytic torsions, in the case of
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manifolds with boundary, for arbitrary flat vector bundles and arbitrary
Riemannian metric on the base manifold, without using the “determinant
class condition”. We then prove an anomaly formula of these L2-analytic
torsions. The main result can be thought of as a common generalization
of the anomaly formula for Ray-Singer analytic torsion for manifolds with
boundary proved by Briining-Ma [4, 5], as well as the anomaly formula for
L?-analytic torsions for closed manifolds proved by Zhang [32]. It gener-
alizes also [19], Theorem 7.6, without the assumptions on the flatness of
the metrics on F', and on the technical “determinant class condition”. In
particular, it provides a positive answer to a question mentioned in [18§],
Page 190.

This paper is organized as follows. In Section 2, we recall from [3] the
definition of the determinant line of extended cohomology of a finite length
Hilbert cochain A-complex with A a finite von Neumann algebra, as well
as the definition of the L2-torsion element lying in this determinant line.
In Section 3, we construct the L?-analytic torsion element, in the case of
manifolds with boundary, by extending the construction in [3], and establish
an anomaly formula for it.

2. L2-torsion on the determinant of extended cohomology

In this section, we recall from [3] the definition of the L2-torsion element
which lies in the determinant of the extended cohomology associated to a
finite length Hilbert cochain complex.

This section is organized as follows. In Section 2.1, we recall the defini-
tion of the extended cohomology of a finite length Hilbert cochain complex
over a finite von Neumann algebra carrying a finite, normal and faith-
ful trace. In Section 2.2, we recall the definition of the determinant of a
finitely generated Hilbert module over a finite von Neumann algebra. In
Section 2.3, we recall the definition of the L?-torsion element of a finite
length Hilbert cochain complex.

2.1. Extended cohomology of a finite length Hilbert cochain
complex

Let A be a finite von Neumann algebra carrying a fixed finite, normal and
faithful trace

7: A— C,

cf. [12], §1.6. Let * denote the canonical involution on A defined by taking
adjoint. Let [?(A) denote the Hilbert space completion of A with respect
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to the inner product given by the trace
(a,by = 7(b*a). (2.1)

A finitely generated Hilbert module over A is a Hilbert space M admitting
a continuous left A-structure (with respect to the norm topology on .A) such
that there exists an isometric A-linear embedding of M into [?(A) ® H, for
some finite dimensional Hilbert space H.

Let (C*,0) be a finite length Hilbert cochain complex over A,

(C*,0):0 0Bt tom g (2.2)

where each C%, 0 < i < n, is a finitely generated Hilbert module over
A and the coboundary maps are bounded A-linear operators. Since the
image spaces of these coboundary maps need not be closed, the tautological
cohomology of (C*, 9) need not be a Hilbert space. This is why in general
one studies the reduced cohomology of (C*,9), which is defined by

H*(C*,0) = éﬂi(c*, 9), (2.3)
1=0
with
HY(C*,0) =ker(0;)/im(0;_1), 0<i<n, (2.4)

where one takes obviously that 9_; = 0 and 9,, = 0.

On the other hand, there are still ways to extract more information
from (C*,0), rather than just from H*(C*,0). One such is to consider
the extended cohomology in the sense of Farber (cf. [13] and [3]), which is

defined by
H*(C*,0) = P H(C,0), (2.5)
1=0
with
HI(C*,0) = (0;_1 : C*71 — ker(9;)), 0< i <n, (2.6)

where (9,1 : O — ker(9;)), 0 < i < n, lie in an abelian extended
category. It consists of two parts: the projective part which is exactly the
reduced cohomology defined in (2.3), as well as a torsion part

T(H*(C*,0)) = T (H'(C*,0))
defined as an element in the above abelian extended category, with

T(H'(C*,0)) = (0i—1 : C"™' —im(9;_1)), 0 <i < n. (2.7)
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More precisely, one has
H*(C*,0) = H*(C*,d) ® T(H*(C*,d)), (2.8)

with
H{(C*,0) = H(C*,0) ® T(H'(C*,0)), 0<i<n. (2.9)

We refer to [13] and [3] for more details about the definition and basic
properties of the above mentioned abelian extended category as well as the
extended cohomology.

2.2. The determinant of a finitely generated Hilbert module

Let M be a finitely generated Hilbert module over A. Let GL(M) denote
the set of all bounded A-linear automorphisms of M. Let Cp; denote the
set of all inner products on M such that if { , ) € Cp, then there exists
A € GL(M) such that

(u,v) = (Au,v)ps, for any u, v € M, (2.10)

with (, )as being the original inner product on M.

Following [8] and [3], we define the determinant line det M of M to be
the real one dimensional vector space generated by symbols ( , ), one for
each element in Cp; such that if {( |, }; and (, )2 are two elements of Cys
with

(u,v)2 = (Au,v);, for any u, v € M, (2.11)
for some A € GL(M), then as elements in det M, one has
< ’ >2 = DetT(A)_1/2 ’ < ’ >1; (212)

where Det,(A) is the Fuglede-Kadison determinant [14] of A.

For the sake of completeness, we recall the definition of Det(A) for any
A € GL(M) and its basic properties from [8] and [3].

Let A;, 0 <t <1, be a continuous piecewise smooth path A; € GL(M)
such that Ag = I and A; = A. The existence of such a path is clear as
GL(M) is known to be pathwise connected. Then define as in [8], (13) and
[3], (2.7) that

1
log Det, (A) = / Re (Tr,[A; "4}]) dt, (2.13)
0

where A} is the derivative of A; with respect to ¢, while Tr, is the canoni-
cally induced trace on the commutant of M (cf. [8], Proposition 1.8).
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It has been proved in [8] that the right hand side of (2.13) does not
depend on the choice of the path A;, 0 < ¢t < 1. Moreover, we recall the
following basic properties taken from [8], Theorem 1.10 and [3], Theorem
2.11.

Proposition 2.1. The function,
Det, : GL(M) — R>?, (2.14)

called the Fuglede-Kadison determinant of A, satisfies,
(a) Det, is a group homomorphism, that is,

Det.(AB) = Det,(A) - Det.(B), for A, Be€ GL(M); (2.15)
(b) If I is the identity element in GL(M), then
Det, (M) = [A\™@ for Ae C, X #0; (2.16)
(¢c) One has
Dety,(A) = Det,(A)* for A e R”Y; (2.17)

(d) Det, is continuous as a map GL(M) — R>°, where GL(M) is supplied

with the norm topology;
(e) If A, t €[0,1], is a continuous piecewise smooth path in GL(M), then

DetT(Al) ! —1 4
log | mr\ 21— [ Re (Tr, [AZYA]) dt: 2.18
o8 g | = [ Re (v 1) (2.15)
(f) Let M, N be two finitely generated Hilbert modules over A. Let A €
GL(M), B € GL(N) and let

y:N—-M

be a bounded A-linear homomorphism. We extend A, B, v to obvious
endomorphisms on M @& N by taking Aly = 0, B|pr = 0 and |y = 0.
Then A+ B+~ € GL(M & N) and

Det, (A + B + ) = Det, (A) - Det, (B). (2.19)

Now we come back to the determinant line det M. Clearly, det M has
a canonical orientation as the transition coefficient Det,(A)~/2 is always
positive.

Following [8], (2.3), for any bounded A-linear isomorphism f : M —
N between two finitely generated Hilbert modules over A, there induces
canonically an isomorphism of determinant lines f, : det M — det IV, which
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preserves the orientations. Moreover, one has the following property which
is recalled from [8], Proposition 2.5.

Proposition 2.2. If f € GL(M), then the induced isomorphism fi. :
det M — det M coincides with the multiplication by Det,(f) € R>°.

Remark 2.1. Following [8] and [3], one thinks of elements of det M as
“densities” on M. In the A = C case, this is dual to the considerations in
[2] where one uses metrics on determinant lines instead of “volume forms”.

2.3. Extended cohomology and the torsion element of a
finite length cochain complex of Hilbert modules

Let (C*,0) be a finite length Hilbert cochain complex over A
(C*0):0 -0 Bt ieon g (2.20)
as in (2.2). Let

HY(C*,0) =Y H(C",0)
=0

denote the corresponding extended cohomology defined in (2.5), which ad-
mits the splitting to projective and torsion parts as in (2.7)-(2.9).
Following [3], we define for each 0 <14 < n that
det H'(C*,0) := det H'(C*,0) ® det T (H'(C*, 9)) (2.21)
with
det T (H'(C*,0)) := detim(0;_1) ® (det C*"1)* @ det ker(d;_1). (2.22)

Definition 2.1. (i) We define the determinant line of (C*,9) to be
det(C*,0) = é (det 0') V" (2.23)
=0
(ii) We define the determinant line of H*(C*, d) to be
det H*(C*,0) = é (det Hi(C™,0)) " (2.24)

i=0
The following result is recalled from [3], Proposition 7.2.

Proposition 2.3. The cochain complex (2.20) defines a canonical isomor-
phism

V(c0) : det(C*,8) — det H*(C*, 9). (2.25)
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For each 0 < i < n, the (fixed) inner product on C? determines an
element o; € det C*. They together determine an element

o=[[o" € det(C*,0). (2.26)
i=0
Definition 2.2. (cf. [3], Definition 7.5) The positive element
p(c*,a) = V(C~*,8) (O’) € det H*(C*, 8) (227)

is called the torsion element of the cochain complex (C*, ).

For any other Z-graded inner product { , )’ € C¢, that is, there exists
A; € GL(CY) for any 0 < i < n such that

(u,v) = (Aju,v) for any wu, v € C", (2.28)
let p'(c* p) denote the corresponding torsion element in det H*(C*, D).
Then one has the following anomaly formula for the torsion elements in
det H*(C*, D).
Proposition 2.4. The following identity holds in det H*(C*, ),

(71)75#»1
2

dcu”:p“mmIIDadAﬁ (2.29)

=0

Proof. Let o/ be the corresponding element in det C*. From (2.28), one
has by definition (cf. (2.12))

o = Det,(4;) " %0;. (2.30)
From Proposition 2.3 and from (2.26), (2.27) and (2.30), one gets (2.29).0

For any 0 <7 < n, let
of . C't —
denote the adjoint of & with respect to the inner products on C? and C*t1.
Let
0= 0;:C*—C",  0'=) 0:C"—C"
i=1 i=1
denote the induced homomorphisms on C*. Then
O=(0+09%)? (2.31)

preserves each C?. Let [; denote the restriction of O on C°.
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Now consider the special case where the cochain complex (C*,0) is
acyclic, i.e., for any 0 < i < n, im(9;) = ker(di+1) (In particular, this
implies that im(9;) is closed in C**1). Then the torsion element pc.0) =
vc+9)(0) € det H*(C*,0) ~ R can be thought of as a positive real number.

The following result has been proved in [3], Proposition 7.8.

Proposition 2.5. If the cochain complex (C*,d) is acyclic, then the fol-
lowing identity holds,
1 o ;
_ _1)\i+1, X
log p(c+,0) = 5 ZO( 1) ilog Det. (0J;). (2.32)
We refer to [3] for more complete discussions about the torsion elements
in determinant lines.

3. Infinite covering spaces and the L2-Ray-Singer torsion
on the determinant of extended de Rham cohomology

In this section, we define the LZ-analytic torsion element for the infinite
covering space of manifolds with boundary, and prove an anomaly formula
for it.

This section is organized as follows. In Section 3.1, we define, in the case
of manifolds with boundary, the extended de Rham cohomology associated
to a lifted flat vector bundle on an infinite covering space. In Section 3.2, we
define the L2-analytic torsion element, in the manifolds with boundary case,
as an element in the determinant of the extended de Rham cohomology. In
Section 3.3, we state an anomaly formula, in the case of manifolds with
boundary, about the L?-analytic torsion element. In Section 3.4, we study
the variational formula for the heat kernel. The anomaly formula is then
proved in Section 3.5.

3.1. Infinite covering spaces and the extended de Rham
cohomology

Let ' — M 5 M be a Galois covering of a compact manifold M with
boundary OM, with dim M = n. Then M is a manifold with boundary
oM , which is a I'-covering of M. We make the assumption that I" is an
infinite group, as the case of finite group has been dealt with for example
in [16] and [17].

Let (F,VE) be a complex flat vector bundle over M carrying the flat
connection V. Let g¥" be a Hermitian metric on F. Let (ﬁ, VT) denote
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the naturally lifted flat vector bundle over M obtained as the pullback
of (F,V¥) through the covering map m. Let g be the naturally lifted
Hermitian metric on F.

Let M (I") be the von Neumann algebra associated to I' generated by
the left regular representations on (?(T') = (?(N(T')). The canonical finite
faithful trace on A (I") is given by the following formulas,

TN () (La) =0, if a # 1, (3.1)
1, ifa=1,

where L, denote the left action of o € I on [?(T). It induces canonically
a trace on the commutant of any finitely generated Hilbert A/ (T')-module
(cf. [8], Proposition 1.8), which will be denoted by Trys.

For any 0 < ¢ < n, denote

QM,F) =T(A(T*M)® F), Q*(M,F)= éQ(M’ F). (3.2
1=0

Let df' denote the natural exterior differential on Q*(M, F) induced from
VF swhich maps each QI(M,F),0<i<n, into Q1 (M, F).

Let g™ be a Riemannian metric on T'M. Let g"?M De its restricted
metric on TOM. Let g”M be the lifted Riemannian metric on TM and
denote by (-, '>A(T*ﬂ)®ﬁ the induced Hermitian metric on A(T*M) ® F.
Let o(TM) be the orientation bundle of TM, and let dvy; be the Rieman-
nian volume element on (TM , gTM ), then we can view dvg; as a section

of A”(T*M) ® O(TM). The metrics g7M, gﬁ determine a canonical inner
product on each (M, F), 0 < i < n as follow,

(o,0") = /X<O', J/>A(T*J\7)®ﬁdvz\7 for 0,0’ € Q(M, F). (3.3)

Let LQ(Qi(M, ﬁ)), 0 < ¢ < n, denote the Hilbert spaces obtained from
the corresponding L?-completion.

Let ¢7%M be the metric on TOM lifted from g7?M. We identify the
normal bundle N7+ to OM in M with the orthogonal complement of TOM
in TM|, 5.

Denote by e, = €, the inward pointing unit normal vector field along
OM. We also put, with i(-) the notation of interior multiplication,

QO (M, F) = {o € Q(M,F); i(En)o =i(E)(dFo)=0o0ndM}. (3.4)
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Let daﬁ be the closure of dF with respect to the (absolute) boundary
condition (3.4). Then

df : LX(Q*(M, F)) — L*(Q*(M, F))
is an unbounded operator. Let
™ L2(Q7(M, F)) — L*(Q* (M, F))
be the adjoint of it. Set
Do = dF +dF*, (3.5)
For any Z C R and 0 < ¢ < n, denote by
L2 (' (M, F)) € LX(Q (M, F)) (3.6)

the image of the spectral projection Pr; : L2(Q(M, F)) — L2(Q(M, F))
of D2 (qi (37 7y corresponding to Z.

The following result generalizes a theorem of Shubin [28], Theorem 5.1
which has been recalled in [32], Theorem 3.1.

Theorem 3.1. Fize > 0. Then for any 0 < z' < n,
(i) L2 o 4(1(M, F)) C QL(M,F), ice., L2, ((Q/(M,F)) consists of
smooth forms verifying the boundary conditwn (3 4);
(11) When carrying the induced metric from that of LQ(Qi(M, F)),
[0 . (QZ(M F)) is a finitely generated Hilbert module over N'(T).

Proof. (i) As in [28], we make use of elliptic estimates. Fix any A > 0,
from the standard elliptic estimate, one knows that

(D2 4+ N1 L2 0 (' (M, F)) = L o (M, F)) (3.7)

is a well-defined, onto map which increases the degree of differentiability
by two. By applying this to powers of (D2 + )~ 1, we see then any element
in La,[o,s] (Q(M, F)) is smooth and verifies the boundary condition (3.4).
(ii) By simple smooth deformations and the homotopy invariance of
the finite rank property (cf. [28]), we need only to deal with case where
g™ and g¥ are of product structure near M. Now in the case where all
structures are a product near the boundary, one can proceed as in [17] to
reduce the problem to the double of M , on which one can apply the result

of Shubin [28], Theorem 5.1. O
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Now consider the finite length cochain complex of N (T')-Hilbert modules

T B o -
(L2 10.9(2 (M,F)),d}):0— L3 10, (Q0(M, F)) = L7 1 4(Q1(M, F))

F —~ ~
B2 (ML F) — 0. (38)
0,¢] (Q*(Ma F))a daF)
is independent of ¢ > 0. For if & > e > 0, the sub-complex
(Li,(&s’] (Q* (M, F)),dE') of (Li,[O,a’] (Q*(M, F)),dE") is acyclic. Moreover,
it is easy to verify that this extended cohomology, up to bounded AN (T')-
linear isomorphisms, does not depend on the choice of the metrics g7 and

g¥ on TM and F respectively. We denote it by HféR(Q*(M, ﬁ), df)

It is easy to verify that the extended cohomology of (Li[

Definition 3.1. The extended cohomology HféR(Q*(M, F), df) defined
above is called the L2-extended (absolute) de Rham cohomology associated
to M and F.

3.2. L2-Ray-Singer torsion on the determinant of the
extended de Rham cohomology

We continue the discussion of the above subsection.

In view of Definition 2.2, for any € > 0, the finite length cochain complex
of N(I')-Hilbert modules (Li,[o,e] (Q*(]\{, F)),dE) in (3.8) determines a tor-
sion element in det H((IQQR(Q*(M ,F),dE). We denote this torsion element
by Ta,[O,E] (Ma Fa gT]Ma gF)

By proceeding as in [3], Section 12.2, for any s € C with Re(s) > § and
for 0 <i < mn, set

; 1 T e 72

Car(e,o00) (8) = m/O 7 Trpr [eXp (—tDa|L§7(Ey+x)(9i(ﬂ7ﬁ)))] dt.

(3.9)

Then C;ﬁ(sﬁoo)(s) is analytic lin s for Re(s) > 5. Moreover, by using [19],

Lemma 1.3, one finds that st +OO)(3) can be extended to a meromorphic

function on C which is holomorphic at s = 0.

Let
Ta,(a,—i—oo) (Mv Fv gTMv gF) € R*
be defined by

M 1 - 1- ac; [e%e) (S)
108 T eboe) (M Fr g™ g7) = 5 3 (-1)' =520

=0 s=0
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By proceeding as in [3], Lemma 12.4, one knows that the product
Ta,[O,a] (Ma F, gTMa gF) ’ Ta,(a,-{-oo) (Mv F, gT]Mv gF)
in det H((IQ()iR(Q*(]T/f, F), df) does not depend on € > 0.

Definition 3.2. The L2-Ray-Singer (or L?-analytic) torsion element asso-
ciated to (M, F, g™  g*") is the positive element in the determinant of the
extended de Rham cohomology Hl(f()m(ﬂ* (M, F),dl") defined by

Té?}){s(ﬁa Fa gTMagF)

-~ _ (3.11)
= Ta,[O,E] (Mv Fv gTMng) ! Ta,(a,—i—oo) (Ma Fa gTMagF)'

3.3. An anomaly formula for the L?-Ray-Singer torsion
elements

We continue the discussion of the above subsection.

For T' = {1}, the above construction gives us the usual torsion element
Ta_,RS(M, F,g™ ¢} which is dual to the Ray-Singer metric discussed in
[2], [4], Def. 1.2 and [5], Def. 4.3.

For convenience of notation we use l.i.m.;_,oF}; to denote the constant
term in an asymptotic expansion F; with respect to the parameter t.

We can now state the main result of this paper.

Let gI'™ (resp. gF), 0 < u < 1, be a smooth path of metrics on T'M
(resp. F). Let #, be the usual Hodge star operator associated to g7 for
the F' = C case (cf. [31], Chapter 4).

Theorem 3.2. The following identity holds,

= (long})zs(M,F, gTM,gf)) = & (log Tu,rs(M, F,g. ™, )

U u u

- —%l.i.m.t_,OTrs K sl % + (hf)‘l%)e‘“’i’a] (3.12)

Remark 3.1. If M is a compact manifold without boundary, then The-
orem 3.2 is [32], (3.80). If we assume moreover I' = {1}, then it is [2],
Theorem 4.14

Remark 3.2. If g = gF" is a fixed flat metric on F (i.e. (F,V¥ g¢%) is
an unitary flat bundle), the first equation of (3.12) was obtained in [19],
Theorem 7.6 under certain technical “determinant class condition”. Thus
Theorem 3.2 generalizes [19], Theorem 7.6, without the assumptions on the
flatness of ¢¥', and on the technical “determinant class condition”.
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The second equation of (3.12) is [10], Theorem 3.27 and [27], Theorem
7.3 when g& = g% is a fixed flat metric on F. For a general family of metrics
(gIM  gE). the second equation of (3.12) was proved in [5], Theorem 4.5.
From [4], Theorem 0.2 and [5], Theorem 0.1, §5.5, we get immediately the
anomaly formula for log ngs(z\"i ,F, g™ g% which differs by a factor —3,
as the torsion element is dual to the Ray-Singer metric. We left the details

to the readers.

3.4. Variational formula for the heat kernel

The results in this subsection were essentially obtained in [10], Theorems

3.10, 3.27 and [27], Prop. 6.1, Theorem 7.3 when gf' = g% is a fixed flat

metric on F. In [5], §4.2, it is observed that their proof works also for any

Hermitian metric on F. Our main point here is a reformulation of these

results in the spirit of the proof of [1], Theorem 1.18 in the covering case.
Let ™ be the Hodge operator

«F ANT*M)® F — ANT*M) ® F* @ o(TM)
defined by

~dv

(U A *FU/)F = <07 U/>A(T*ZV7)®F

M.
A direct verification shows that, when acting on Ql(ﬁ , 13), one has

Al = (1) (<) Tt al @M I (3.13)
We only consider orthonormal frames {e; }1_; of TM with the property that
near the boundary V', e, =: €, is the inward pointing unit normal at any
boundary point and {e;}!~}' is an orthonormal basis of TOM. Let {e'} be
the corresponding dual frame of T*M. B

Let e~ P4 (z, 2), (z, 2 € ]Tj), be the smooth kernel of the operator e~tPa
with respect to dvy;(2). Then

e~tD2(x,2) € BY_o(AR(T*M) ® F), @ (AR(T*M) ® F)? .
We denote byj_tﬁé(x, %) the component of e~*Dz (z, z) on (A*(T*M) ®
F), @ (A*(T*M)® F)%. By using the metric (-, '>A(T*M)~®ﬁ’~

(A(T*M) @ F)* to A(T*M) ® F, thus the operations d¥', dF™* act naturally

~tDi(z, 2).

we will identify

on e
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Lemma 3.1. For o € Q(M,F) N L*(Q(M, F)), we have

n2 - o n2
e Pty = daFe*tDa o,

L4B? P _ P tD? b2 N (3.14)
e Pd e —dfre Dot [P yien)oy)doygg o)
oM
Especially,
dfe‘tﬁi (x,2)r = df*e‘“ﬁi (2, 2)kt1- (3.15)

Proof. At first, by the identification of the orientation bundle o(TM) and
o(TOM) in [5], §1.3, for 0,0’ € Q(M, F) N L*(Q(M, F)),

(dﬁa,o’) = /~((dﬁa) A *ﬁo’)}; = (o,dﬁ*al) +/~(0/\ *ﬁa')ﬁ
M oM (3.16)
= {(o,d"™0’) — /~(e” Ao, U’>(y)dvaﬁ(y).
oM
As df * df commute with 53, they also commute with e~tDi . Thus for
o€ QM,F)NL*(QM,F)), o €Q(M,F)nL*Q(M,F)),
by (3.16)

(dfe‘tf}ia, o) = (e_tf)ia, df*a’> = (a,e_tﬁgdaﬁ*al>

= (o, daﬁ*e_t530/> = <dﬁ0,e_t530'> = <e_tﬁidﬁa, a').

(3.17)

and
(df*e‘tﬁia, o) = (a,e‘tﬁidaﬁal> = (o, dfe_t5§0'>
— (@i - [ (e n (e D) )y )
oM
= (e‘tﬁidﬁ*o, o) — </6117 e‘tﬁi(-,y)i(en)o(y)dvaﬁ(y),a'> . (3.18)

From (3.17), (3.18), we get (3.14).
Now for o € Q,(M, F) N L2(2(M, F)), by (3.16) and (3.17),

/M(df*e*tﬁi(x,z))a(zmvﬁ(z) - /Me*tf?i(z,,z)(dﬁa)(z)dvﬁ(z)
= (dFe~tDig)(z) = /Mdf e D2, 2)o(2)dvz(2).  (3.19)

From (3.19), we get (3.15). The proof of Lemma 3.1 is complete. O
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Let gI™ (resp. gf'), 0 < u < 1, be a smooth path of metrics on TM

(resp. F). When dealing with objects associated with (g1, gI), we will
[P

use a subscript “u” to indicate. While at v = 0 we usually omit this
subscript indication. In particular, we will use (, )77 ., (5 )g57.,, to denote

the product on M, OM with respect to dvy; ., dvyzr - Then one has

4

Qu = (*5

- u _1 0%y F\— 895
) 1%:(*71) 1%+(95) 1%- (3.20)

In what follow, all operations are applied to the variable z when we do
not specify them.

Lemma 3.2.
() ' (e PR (2, ))
= [ QUi PR, 2), e P )
_0 ) [y Wull€ \T,z), € ’Z,wlr\\/f
(i

Proof. We only need to prove (3.21) for uw = 0. At first, by [5], (4.10), we
have

U

Bﬂ,u

+ '(en)QudFe_(t_s)ﬁiva(:E,z),e_553va(z,w)>
+{ifen)Quem =P (0,9, af P} L (321

i(enu)di*ol ) =0 if i(en)o,m = 0. (3.22)

We know also that for o € Q(M, F) N L2(Q(M, F))

) B2
;13(13 ﬂe s Uva(x,z)a(z)dvﬂﬁo(z)

= lim (67553@(:1:, z) A *5((*5)’1 & a)(z))
s—0 Jar

= lim (6_553@(*5)_1 s 0) (x) = ((*5)_1 *Oﬁ o)(z). (3.23)

s—0
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By (3.16), (3.22) and (3.23), we get

_tf)iva(x, w) — *;}ﬂ 0, e~ tDia (z,w)

t
0 ) b B2
— _/O g <€ (t )Du,a(:L"Z)’e DU*“(Z,U])>~

M0

/t <0 (t )ﬁZ 52
= —e VT ua(x, 2), e Uva(z,w)>
0 (9t M,O

+ <ei(tis)ﬁi’a (SC, Z)v Bg,aeisﬁg'a (Zv ’LU)>

€

M0

<(% + Eg,a)ei(tis)f)i’a (:L', Z)ﬂ eisﬁg’a (Zﬂ w)>

/Ot

- <dﬁ67(t75)5iva (x,2),eq A 67553“(2’, w)>

M,0

M0

_ —(t—s)f)i,a LN dﬁ* _55§,a > 3.94
<e (x,2),ef Ndg™e (z,w) oirol” (3.24)

DZ

From our definition of e~ *Pu.e, we have

8 .
((5 +D2,)e tDu,a) (z,2) =0, (3.25)

(i(emu)e_tf)iva)(x,z) = (i(emu)dﬁe_tf)iva)(x,z) =0, for z € OM.

From the explicit construction of the operator etD i,a, as observed in [19],
p. 560, it is differentiable with respect to u, as M has bounded geometry.
We get

0 =~ 0 =2 0 =~ =2
((_ + Di,a)_ueitDu'a + (%Dz,a)eitl)u'a) (SC, Z) = 05
(i %enﬁu) et + i(enﬁu)%e%[)i’a) (z,2)=0for z € 8M,
] %en,u) dFe~tDia + i(en,u)dﬁ%eftﬁiva) (x,2) =0 for x € oM.

(3.26)

By (3.26), differentiating (3.24) with respect to u and setting u = 0
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gives

() T 2 (+E e Pl (2, w)

t
_ . 0 2 7(tfs)f)2 7553
/0 [ <(_8UD“’“)6 a(x,z),e a(z,w)

M,0
o F —(t—s)D2, —sD2, >
+ <’L (6“ en’u) d”e (‘T’ Z), € (Z, w) OM,0
(i (Fena) o2 0 e P ) .

From (3.13) and (3.20), one gets
3} 3}

Y gFx _ [ Fx Y9 P2 _ g F [gFx
LAl =[5, Qul, D2, = [ QU]

Set

0
TX .__ TX\—-1/ Y TX

Observe that ;—uej,u, €ju € TOM for j < n, thus we compute that

n
. 1.
%en,u = — Z<95Xej,u, 6n,u>g5x €ju+ §<93X6n,u7 en,u>€n,u.
Jj=1
By [2], Prop. 4.15, we have,
_10% 1 . o '
*“18—: ~ 3 Z <ejaggxek>gzx (7 Ni(er) —i(e;) AeF).
1<5,k<n

From (3.30) and (3.31), we get at u =0,

. . _1 0%y 1, .
z(%en,u) = {z(en),*ulﬁ} + §<gOTXen,en>z(en).

From (3.25), (3.27), (3.28) and (3.32), we get (3.21).
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(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

O

Let N denote the number operator on 2* (1\7 , F ) acting by multiplication

by 7 on 91(1\7 , F ). It extends to obvious actions on L2-completions.

Let Try 5[] = Trar[(—1)"-] be the supertrace in the sense of Quillen|[26],
taking on bounded N (T')-linear operators acting on Q*(M, F) as well as
their L2?-completions. In what follows we will also adopt the notation in

[26] of supercommutators.
Theorem 3.3. We have the following identity,

_ 2 _ 2
6—%’,[‘1“/\/75 [Ne tDuwa} = t%Tr,\/,s [Que tDuwa} .

(3.33)
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Proof. Let U be a fundamental domain of the covering  : M— M , and
let Uy = UNna~'(OM). Observe first that for any I'-equivariant smooth
operator P acting on Q(M, ﬁ), if we denote by P(z, z) the smooth kernel
of P with respect to dvyz ,(2), then

Ty [P] = /U(*fp(x,x))F. (3.34)

Thus when we apply (3.34) to (3.21), and reverse the order of integration
on the right hand side of (3.34), then use (3.15), (3.31) and the fact that
N preserves the boundary condition, we get

TN [NeXp (_“53)} = —tTins [[dﬁ, [d7*, Q)| Ne tPua

tt [ T ((i(en)Qud" o NePie ) (w, 2w ldvysr , (27)
U,

bt / T [N (QuedP ) e D (o, 0) sl (). (3.35)
Uy ’
By (3.15) and (3.31),

T, [(Que™d™ )ar Ne™ Phe (o, w0) |z

— Ty, {(i(en)QuNdﬁe’tﬁiva)(x’,x’) . (3.36)

From (3.14) and the fact that dﬁe_Sﬁi’a, dF*e=Die are smooth I-
equivariant operators, we see that for any I'-equivariant differential operator
P which changes the Zs-grading on Q(M, F), we have

Trvs {dﬁPe_tf)i,a} = Try s {e_Sﬁi’“dﬁPe_(t—s)ﬁi’“}
= Tey, [dfem*Pla pe(t=9DLe ]

= —Tiy,, [Pe(7IPhealesPhe| = ~Tuy, [Pdfe'Phe ], (337)
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and in the same way
Tr./\/,s [dﬁ*Peitﬁixﬂ} = FAFI‘_/\/75 {e*sﬁi,adﬁ*])ef(tfs)ﬁi,a}
= Ty [df oDl pem 9D

+ /aMe_SDa(.’ z)i(en)Pe_(t—S)Du,a (z’ )dvaﬁ(z)} (338)
L A
+/ Trs [i(en)Pe_tﬁi’a(:E',x')} dvygp (@)
Uy ’

We also have
[dF,N] = —dF, [dF* N]=d™. (3.39)

From (3.35)-(3.39), we get
a—‘r)‘uTr/\QS [Ne_tﬁi’a}
= Trw, [Qu(Ndﬁdﬁ* +dF*NdF — gF NaFr - dﬁ*dﬁN)e*tf’iwa}
=—Trpn s [Quﬁiae_tﬁiwa = %Tr,\/,s [Que_tﬁiva} . (3.40)

The proof of Theorem is complete. O

3.5. A proof of Theorem 3.2
First, by proceeding as in the beginning of [32], Section 3.4, one gives

a slightly more flexible formula of the L2?-Ray-Singer torsion element
Té?%S(M,F, g™ g%} defined in (3.11).
For any ¢ > 0, let
(C*.d}) € (M, F),d")

be a finite length A/(I")-Hilbert cochain subcomplex of (L2~ (1\7, F)), daﬁ)
such that (Li,[o,c] (Q2*(M, F)),d~) is a subcomplex of (C*,dl"). That is, as
N (T)-Hilbert cochain complexes, one has

(L 0.0 (2 (M. F)).d]]) € (C*.d). (3.41)

Let dgi‘ : C* — C* be the formal adjoint of df : 0" — C* with respect
to the induced Hilbert metric on C* from that of L?(Q*(M, F)). Set

Dew = dFf + dE,

o o (3.42)
DZ. = (df +dfx)? =dbzdl +dfafx . or — C*.
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Then DZ. preserves the Z-grading of C*. Moreover, one has
D. =Dy : Li,[O,c] Q" (M, F)) — Li,[O,c] (M, F)). (3.43)

For any 0 <7 < n, let D2, denote the restriction of D%* on C*.
By (3.41) it is clear that the extended cohomology of (C*, d%') is identical

to that of (L7 1, (Q*(M, F)),d"). That is, one has

H*(C",dE) = H R (@7 (M, F), dE). (3.44)

From (3.44), one sees that (C*, df ) induces canonically an L*-torsion
element in det H((I?QR(Q*(M, F),dr). We denote it by
T

For any s € C with Re(s) > 4 and for 0 <i < n, set

- aF) € det H,(JQ,QR(Q*(Ma F)db). (3.45)

—Trp [exp (—tDZ:)]) dt. (3.46)

Then one sees easily that each §6*7l(s), 0 < i < n, is a holomorphic

function for Re(s) > 5 and can be extended to a meromorphic function on
C which is holomorphic at s = 0. Let T(C* 4Py, L € R™ be defined by

log T, L > (1) - u(3) (3.47)

(C*dE),L = 9 Js
1=0

s=0
The following analogue of [32], Proposition 3.6 can be proved in the
same way as there.

Proposition 3.1. There holds in det H('y, (% (M, F),d") the following
identity,

2 —~
TtE.}%S(Mv Fv gTMagF) = T(C*,df) : T(C*,df),L' (348)

We now come to the proof of Theorem 3.2.

Let gI'M (resp. gf'), 0 < u < 1, be a smooth path of metrics on TM
(resp. F) such that gIM = gT™M gI'M = ¢/TM (vesp. gf' = g%, gf" = g'F).

We now state the following analogue of [32], Proposition 3.7.

Proposition 3.2. For any ug € [0,1], there exists kg > 0 such that for any
k > ko, one can construct a family of finite length N (T')-Hilbert cochain
subcomplez (C*(u),dl ,) of (2 ,(M,F),d") such that
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(i) One has the inclusion relation of cochain complexes

(Lz,a,[O,l] (Q ( ))5 dfa) = (C*( )’ dfa)' (349)
(ii) The cochain complex (C*(u ),dfa) depends smoothly on u € [0,1],
and (C* (UO)a d’L}j‘o a) (Lio a,[0,k] (Q ( ) ))a dF)

Proof. Proposition 3.2 can be proved in the same way as in [32], Proposi-
tion 3.7 where we take ug = 0, with easy modifications with respect to the
appearance of the boundary OM. The only places need to take more care
are listed as follows:

1. One notes here that the analogue of [32], (3.32) still holds here, as
by Theorem 3.1, Im(P[O k],u) consists of smooth forms. Thus ar

w,a acts on
them just as usual dF not depending on u. By setting dF to be dff,a in an
analogue of [32], (3.35), one can complete the proof of (i) easily.

2. For the proof of (ii), one needs to modify the proof of [32], Lemma
3.8. Here, one needs to take care about the analogue of [32], (3.39). For
such an analogue holds, we need to assume that x € Qf (M F). Indeed, if
we fix a I'-invariant first Sobolev norm denoted by ||-||1, then it is easy to see
that there exist A;, By > 0 such that for any smooth form x € Q*(M F)

and any u € [0,1], one has
IDutllo.u < Asllzlli + Billllo, (3.50)
while there exist A2, By > 0 such that for any = € Qaa(ﬂ, F), one has
Aozl = Ballzllo < 1Dllo (3.51)

From (3.50) and (3.51), one sees that there exist A, B > 0 such that
x € Qf (M F), one has

| Duzllo.. < AllDzllo + Bljz|lo, (3.52)

which is exactly the analogue of [32], (3.39) we need.
One can then proceed as in [32], Proof of Lemma 3.8 to complete the
proof of (ii). O

We now come back to the proof of Theorem 3.2 for v = 0.
By (3.48), one gets that for any 0 < u <1,

(2) TM
T (M F g 7gu) T(C*(u) dF) T(C*(u),dﬁ),J_' (353)



January 26, 2006 14:3 Proceedings Trim Size: 9in x 6in MaZhangtosion05

Anomaly formula for L?—analytic torsions on manifolds with boundary 269

For any s € C with Re(s) > § and 0 <u <1, set

Ou(s) =Y (=1)"iCE ()1 (5)- (3.54)

=0

From (3.46) and (3.54), one can rewrite 0,(s) as

Bu(s) = ﬁ /0 e (T [Nexp (<4B2,)]

~Tiws [Nexp (<D, )| ) db. (355)

For any 0 < u < 1, let Pg«(,) denote the orthogonal projection from
L2(Q*(M,F)) onto C*(u). Then by Proposition 3.2, Pg+(4) depends
smoothly on u € [0,1]. Moreover, one has

d" Po(uy = Po(u)d" P (y).- (3.56)
Let dg’:(u) : C*(u) — C*(u) be the formal adjoint of
dEe(uy = Poryd" Powuy : C*(u) — C*(u). (3.57)
Then in view of (3.56), one has
dC*(u) == PC*(u)du,aPC*(u) = PC*(u)du,a' (358)
Set
Deuy = dgoe oy + A& () - (3.59)
One has, similar as in (3.39), that

[Dee(uy, Nl = =dEe ) + & - (3.60)

In order to have a formula for %dgj(u) similar to (3.28), by using (3.28)
and (3.58), we compute

9 ﬁ* _ 0 ﬁ* o o ﬁ* 5 ﬁ*
dadc(w) = 2u (PC*(u)du ) = (& Por(u)) 4" + Pow(u) 2= dy,
= (& Pcww) diy* + Po=wld},*, Qu]
= (%Pg*(u)) dg* + PC*(u)df*Qu — PC*(u)Qudg*

= [d& (> Qul + (£ Povw)) diy " + QuPo(ydly,* — Por(uy)Qudy, *- (3.61)
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Since C*(u), 0 < u < 1, are finitely generated Hilbert modules, by using
(3.60), (3.61), as in [32], (3.63), one deduces

QTI'_/\ﬂS {N exp (—tﬁé*(u))} = —tTrn s

ou

dD2, -
*(u) 2
NT exp (tDC*(u))‘|

P
Odc: )

u

= —tTrn s [N, EC*(U)} exp (—tﬁ%*(u))

- t%T‘I‘N,s {Qu exp (—tﬁ%*(u))] — tTrnrs [(dg*@) _ dﬁr(u))
(0Pg;(u> dE* 4 Qu P (yd"* = Poe(u)Qu duﬁ*) exp (7 . ]520*(“))]

- %Trw (Quexp (~1D% )| — 1T (40— dE% )

OPoe() . - .
(Pcw au( LdE* Pore (uy + QulPee (uy, dF ]> exp (th*(u))] . (3.62)

Denote for 0 < u < 1 that

P =, y 3.63
(PC*(u) au( LaE Po(uy + QulPos (uy, df ]> :

Since C*(u) contains L? 0.1] (Q*(M, F)) for 0 < u < 1 (cf. (3.49)), one

u7

sees that when t — 400,

Try s [Qu exp (ftf)iya)} —Try s {Qu exp (—tﬁ%*(u))}

is of exponential decay.
On the other hand, since, when restricted to the subcomplex

(L2 o) (M, F)),dE ) of (C*(u),dF), df* commutes with Peu(),
while
OPc- (0
P () au( )PC*(u) =0, (3.64)

from (3.63), (3.64) one gets

Flis , oirmy =0 (3.69)

From (3.49) and (3.65), one sees that as ¢t — +00,

Trps {f(u) exp (*tﬁé*(“))}
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is of exponential decay.
By (3.33), (3.55), (3.62), (3.63) and (3.65), we have for Re(s) large
enough that

+oo ~
Tt [ e (e [uew (<02
—Trpr s [Qu exp (—tﬁé*(u))D dt

_ ﬁ /OM 5 Trpr [f(U) exp (*tﬁé%u))} dt

o (e e (02

—Trpr s [Qu exp (—tﬁé*(u))D dt

1

T /;OO ETens [Fu)exp (~tD%. ) | db. (3.66)

Now by using the finite propagation speed of solutions of hyperbolic
equations (cf. [29], §2.8, §6.1), we know from [19], Theorem 2.26 that as
t — 07, for any positive integer [ one has an asymptotic expansion

Trps [Qu exp (—tf)i,a)} = Tr, [Qu exp (—tD?W)} + o(ul/Q) (3.67)
l
= Mjut!? +o(u'?).

j=—n
From (3.66) and (3.67), one finds that for any 0 < u < 1, one has

) ( 90, (s)

du 0s

) = _MO,u + Tr/\/,s [QUPC*(u)}
s=0

_ /O+°° Try s [f(u) exp (—tﬁ%*(u))} dt. (3.68)

Now observe that we are applying Proposition 3.2 for ug = 0, thus one
has, as in [32], (3.70),

(C*(0),d") = (L2, 1o 0 (2" (M, F)), dE). (3.69)

Thus one again has the fact that df * commutes with Pg- (), which, together
with (3.64), implies that

f(0) = 0. (3.70)
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From (3.47), (3.54), (3.68) and (3.70), one finds

MOO 1

= _T’ + 5’—‘[‘1‘/\/,8 [QOPC*(O)} . (371)
u=0

01og T (4 aFy, 1
ou

Now let us consider the variation of T(C*( ),dF) hear u = 0.
Observe that for any

w, w e C*0) = Q*( )),

) (
the induced inner product of them in C*(u) is given by

(PC*(u)w, PC*(u)W/>u = < , P (u)w /M w N * PC *(u)W )

<w, (+7) *ﬁPC*(u)w/>. (3.72)

Set for 0 < u <1 that

Ay = Pou(o) (*F) F Pee(uyPor(o) : C*(0) — C*(0). (3.73)
From (2.27)-(2.29), (3.45), (3.72) and (3.73), one finds,

n

T P 1 .

(C*(u),d") i

1ogT7~ =3 E (=1)"log Detry . (Au
(C*(0),dF") i=0

From (2.18) and (3.74), one deduces

ci0)) - (3.74)

Ty aF
A e e (1 L N PV {AulaA“} . (3.75)

y (3.73), one sees directly that

Aulu=o0 = (3.76)

From (3.20), (3.64), (3.73), (3.75) and (3.76), one finds

P (+F) 2

1
= —§T&W75 [QoPc-(y] - (3.77)

1
= *§T1W,s PC*(O)]

Tc-(0),a7)

u=0

From (3.53), (3.71) and (3.77), one gets

9
ou

og Tyo (M, F,gt™ gF) _ Moo (3.78)
u—0 Tgs)(M F,gTM, F) 2
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Since (3.78) holds for arbitrary (g7, g'), one gets indeed that for any
0<u<l,

u

a TI(%QS)(Ma FagT]Magg) _ 7M0,u
S )
Ou = TE)(M, F,gTM, gF) 2

(3.79)

Now by using (3.67), one sees that for any 0 < u < 1, My, is exactly
the same quantity appears in [4], (7), (8) and [5], Theorem 4.5, where a
similar result is proved for the usual Ray-Singer metrics.

The proof of Theorem 3.2 is complete. O

Remark 3.3. If for any u € [0, 1], Spec(ﬁia) contains a non-empty gap,
then the proof of Theorem 3.2 can be simplified a lot. Here we did not
make this assumption as usually Spec(ﬁia), u € [0, 1], may not be discrete
when I' is an infinite group.

Acknowledgment. This work was partially supported by MOEC and the
973 project of MOSTC. Part of this work was done while the first author
was visiting the Nankai Institute (now the Chern Institute) of Mathematics
during July-August of 2005. He would like to thank the Nankai Institute
of Mathematics for the hospitality.

References

1. J.-M. Bismut, H. Gillet and C. Soulé, Analytic torsion and holomorphic
determinant bundles III. Comm. Math. Phys. 115 (1998), 301-351.

2. J.-M. Bismut and W. Zhang, An extension of a theorem by Cheeger and
Miiller. Astérisque Tom. 205, Paris, (1992).

3. M. Braverman, A. Carey, M. Farber and V. Mathai, L? torsion without the
determinant class condition and extended L? cohomology. Comm. Contemp.
Math. 7 (2005), 421-462.

4. J. Briining and X. Ma, An anomaly formula for Ray-Singer metrics on man-
ifolds with boundary. C. R. Acad. Sci. Paris, Ser. I, 335 (2002), 603-608.

5. J. Briining and X. Ma, An anomaly formula for Ray-Singer metrics on man-
ifolds with boundary. To appear in Geom. Funct. Anal.

6. D. Burghelea, L. Friedlander and T. Kappeler, Torsions for manifolds with
boundary and glueing formulas. Math. Nachr. 208 (1999), 31-91.

7. D. Burghelea, L. Friedlander, T. Kappeler and P. McDonald, Analytic and
Reidemeister torsion for representations in finite type Hilbert modules. Geom.
Funct. Anal. 6 (1996), 751-859.

8. A. Carey, M. Farber and V. Mathai, Determinant lines, von Neumann alge-
bras and L? torsion. J. Reine Angew. Math. 484 (1997), 153-181.

9. A. Carey and V. Mathai, L?-torsion invariants. J. Funct. Anal. 110 (1992),
337-409.



January 26, 2006

274

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.

32.

14:3 Proceedings Trim Size: 9in x 6in MaZhangtosion05

Xiaonan Ma and Weiping Zhang

J. Cheeger, Analytic torsion and the heat equation. Ann. of Math. 109 (1979),
259-332.

X. Dai and H. Fang, Analytic torsion and R-torsion for manifolds with bound-
ary. Asian J. Math. 4 (2000), 695-714.

J. Dixmier, von Neumann Algebras. North-Holland Publishing Co.,
Amsterdam-New York, 1981. xxxviii+437 pp.

M. Farber, Von Neumann categories and extended L2-coh0mology. K-Theory
15 (1998), 347-405.

B. Fuglede and R. V. Kadison, Determinant theory in finite factors. Ann. of
Math. 55 (1952), 520-530.

J. Lott, Heat kernels on covering spaces and topological invariants. J. Diff.
Geom. 35 (1992), 471-510.

J. Lott and M. Rothenberg, Analytic torsion for group actions. J. Diff. Geom.
34 (1991), 431-481.

W. Liick, Analytic and topological torsion for manifolds with boundary and
symmetry. J. Diff. Geom. 37 (1993), 263-322.

W. Liick, L?-Invariants: Theory and Applications to Geometry and K-
Theory. Springer-Verlag Berlin Heidelberg 2002.

W. Liick and T. Schick, L?-torsion of hyperbolic manifolds of finite volume.
Geom. Funct. Anal. 9 (1999), 518-567.

V. Mathai, L?-analytic torsion. J. Funct. Anal. 107 (1992), 369-386.

J. Milnor, Whitehead torsion. Bull. Amer. Math. Soc. 72 (1966), 358-426.
W. Miiller, Analytic torsion and the R-torsion of Riemannian manifolds. Adv.
in Math. 28 (1978), 233-305.

W. Miiller, Analytic torsion and the R-torsion for unimodular representa-
tions. J. Amer. Math. Soc. 6 (1993), 721-753.

S. P. Novikov and M. A. Shubin, Morse theory and von Neumann invariants
on non-simply connected manifolds. Uspehi. Mat. Nauk 41 (1986), 222-223.
D. Quillen, Determinants of Cauchy-Riemann operators over a Riemann sur-
face. Funct. Anal. Appl. 14 (1985), 31-34.

D. Quillen, Superconnections and the Chern character. Topology 24 (1985),
89-95.

D. B. Ray and I. M. Singer, R-torsion and the Laplacian on Riemannian
manifolds. Adv. in Math. 7 (1971), 145-210.

M. Shubin, De Rham theorem for extended L2—coh0mology. Voronezh Winter
Mathematical School, Amer. Math. Soc., 1998, pp. 217-231.

Taylor M., Partial Differential Equations I. Basic Theory. Applied Mathe-
matical sciences 115, Springer 1996.

E. Witten, Supersymmetry and Morse theory. J. Diff. Geom. 17 (1982), 661-
692.

W. Zhang, Lectures on Chern-Weil Theory and Witten Deformations, Nankai
Tracks in Mathematics, Vol. 4. World Scientific, Singapore, 2001.

W. Zhang, An extended Cheeger-Miiller theorem for covering spaces. Topol-
ogy 44 (2005), 1093-1131.

Received by the editors September 6, 2005; Revised December 13, 2005



